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		P. 10 last paragraph should end with a “?”
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	Chapter 6. Collaboration: Group Geometry



	Chapter Summary

	The collaborative usage of dynamic geometry by teams of students can make more visible its human-centered nature. To support collaboration, the software must be adapted, raising a number of issues in the design of a multi-user environment. The GeoGebra dynamic-mathematics software was incorporated into the VMT collaboration environment. The process of turning single-user GeoGebra into a collaborative version is described here and a number of multi-user design issues are discussed. The chapter reviews the major technical issues that were addressed and discusses the benefits for collaborative learning of integrating the GeoGebra software into the VMT environment. 4

	
		Supporting Collaborative Discourse and Action



	The effort to support collaborative dynamic geometry among students who may not be co-located involved embedding a dynamic-geometry software system within an online collaboration environment. The Virtual Math Teams (VMT) system—including the history of its development—has already been described in (Stahl, 2009). The VMT system includes a Lobby for users to create chat rooms, to invite other people to them and to browse through existing rooms by project community, math subject, activity topic and student team (see Figure 6-1). It supports learning by individuals, small groups, and communities (e.g., the students in a course) with the incorporation of text-chat, shared-whiteboard, wiki-sharing, and web-browsing media, which can be configured in tabs when chat rooms are created (see Figure 6-2). Thus, it is designed to support collaborative learning conceived as operating through processes, practices and resources that traverse levels of analysis, as will be discussed in Chapter 8. 

	Research on early VMT usage suggested that the addition of a dynamic-mathematics system would significantly enhance the ability of the VMT software to support collaborative mathematical discourse in virtual math teams. GeoGebra was selected because its source code was available as open source and it had an extensive API (application programmer’s interface). The first task was to embed the GeoGebra application in a VMT chat-room tab (see Figure 6-3). Because both VMT and GeoGebra are programmed in Java, this was conceptually straightforward. Math Forum programmers developed a proof-of-concept integration in 2009 and 2010. In 2011 and 2012, the integration was re-implemented, using the GeoGebra API. Use of the API kept most of the new software separated from the GeoGebra source code so that frequent updates of GeoGebra could be incorporated easily, allowing the VMT system to take advantage of on-going open-source development of GeoGebra. This development work was done in coordination with the GeoGebra lead developers, so that they extended the API to meet the needs of VMT. In the longer term, this will facilitate the GeoGebra developer community in developing its own multi-user version, possibly for use on tablets and mobile devices.
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	Figure 6-1: The VMT Lobby interface.
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	Figure 6-2: A VMT chat room with a shared whiteboard tab
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	Figure 6-3: A VMT chat room with a GeoGebra tab.

	Although embedding GeoGebra in a VMT tab was relatively easy, the real problem was much deeper. GeoGebra was designed from the ground up to be used by a single user on a single computer. For online collaboration, we wanted multiple users to be able to view the same figure and to observe each other dragging its points and constructing new objects. We wanted this to happen in real-time and to appear natural so people could experience co-presence at the figure while they chatted about it. In order to support what were described in Chapter 5. as the core dimensions of dynamic geometry—dynamic dragging, dynamic construction and dynamic dependencies—we needed to support co-presence, intersubjective shared understanding and group cognition, as will be discussed in Chapter 8. 

	The first technical hurdle was to design a suitable software architecture for multi-user engagement with GeoGebra. VMT implements a standard client-server model, where software clients on the computers of students send messages to the VMT server, which then distributes the messages to all the clients (computers of students in the same chat room). No client—not even the one that sent the message—takes any action until it gets the message from the server.

	This presented an immediate problem for embedding GeoGebra, which is strictly single user. In contrast to the client-server model of VMT, each instance of GeoGebra on each client builds and maintains its own independent dynamic-geometry construction, which is not dependent on the server. However, the construction on each client must be kept in sync with the other clients, so that every student in the same chat room sees the same thing and can discuss it and manipulate it. Furthermore, we want all action to appear seamlessly instantaneous to a user dragging an object, so we cannot make GeoGebra wait until a message goes to and comes back from the server before the action is shown on the screen of the student who is taking the action. 

	This forced us to implement multi-user GeoGebra essentially as a peer-to-peer architecture, using the VMT server as the communication channel between the clients. When a user takes some action on a GeoGebra tab, the GeoGebra action is implemented in that client’s GeoGebra tab. At the same time, the VMT client sends a message to the server with a GeoGebra command equivalent to the action that took place. The VMT server sends the action to all clients (including the initiator). The initiator must ignore the return message from the server since it has already performed the action. The other clients then execute the command, which results in updating their construction so that it matches the sender’s. In this way, all the clients are kept in sync. Because the action of the original sender is performed immediately without waiting for the message to go to the server and then come back, the sender’s action appears immediately and seamlessly. As long as the delay between one student taking an action and the other students seeing the results is a fraction of a second, the illusion of simultaneity and co-presence is maintained for the whole team.

	This solution allowed the display of GeoGebra figures and actions to be handled primarily by the GeoGebra software on the student computers, and the communication of actions to be handled by the VMT software on the central server computer, which also communicated the chat and changes in other VMT chat-room tabs. On the one hand, this kept the two software modules relatively independent to facilitate software upgrades and maintenance. On the other hand, the separation complicated the programming of features that had to span the two areas. For instance, there are VMT features like awareness messages, activity logging, the history slider, and the pointing tool, which affect both the GeoGebra tab and the VMT wrapper. In addition, the requirement of maintaining speedy communication among the clients introduced mechanisms that spanned the two independent program code bases.

	
		Supporting Dynamic Dragging and Co-Presence



	To support the fluid use of dynamic dragging and the observation of points and other geometric objects being smoothly dragged, the software system has to respond quickly to user actions and has to display the results of actions without noticeable or disruptive lags. As one drags a point in GeoGebra, a number of messages are sent describing its new position many times a second. This allows the drag to be duplicated on other clients quite accurately. At first, we had tried just broadcasting the original start position of an object and then its final position after a drag. Unfortunately, that gave too little sense of co-presence and too little information about how the object was dragged to clients observing another client’s actions.

	However, the approach of broadcasting hundreds of intermediate locations of a dragged point every second created too much messaging traffic across the Internet. Imagine a student in Singapore dragging a 10-sided polygon with interior line segments. Each point and line, along with all the dependencies in the figure would have to have its description and location information broadcast to Philadelphia and then that information would all have to be broadcast back to each of the other students’ computers. Even if the school in Singapore had considerable Internet bandwidth and the Math Forum server were powerful, this volume of update traffic would soon result in response delays that would interfere with effective collaboration. Even chat messages would be delayed, so that students would not know if others were paying attention.  

	In addition, all of the events that are broadcast are also saved as part of the history of the chat room. When a student enters a room in which some activity has already taken place, the history has to be loaded and all of the GeoGebra construction and display mechanisms have to process and replay that history in order to display its end state to the student. The same thing takes place when a researcher or anyone else opens the VMT Replayer for that room. This results in long delays in opening an existing room or viewing it in the Replayer.

	The first thing we did to address this was to make sure to only send necessary updates. GeoGebra has independent objects and dependent objects. The position and other characteristics of dependent objects can be calculated based on the independent objects. Therefore, we only send out updates for independent objects, and let each client recalculate the dependent ones, essentially shifting much (and often most) of the work of updating to the client’s local machine. For instance, if a 10-sided polygon is regular (equilateral), then 8 of its vertices and all of its sides are dependent upon two vertices. We can send the location of the two points and have the client build the whole polygon from them.

	The next thing we did was to implement “update throttling” in our clients. By watching the mouse status the software can determine when updates are due to objects being dragged. In that case, it skips a certain number of updates, only broadcasting periodically. It also watches the mouse for a “button release” event, so it can be sure to always broadcast the final position of the objects. However, GeoGebra sends out updates for every single object that is being moved. So we could not simply skip a fixed number of updates, since that would result in certain objects in a construction being updated during a drag event, and others not being updated. The effect is that the construction is distorted until the user releases the mouse button, and the final update is sent out to put everything in its final place. To solve that problem, the VMT software gets a list of selected independent objects from the GeoGebra software. It skips a number of updates for the entire group of objects, and then sends out one combined update for the whole selection.

	A challenge here is finding the right number of updates to skip. If too few are skipped, the system will still become bogged down. If too many are skipped, the movements of objects will look choppy and other users may not be able to tell what the mover did. We have been experimenting with a variety of numbers for this to try to find the right balance. One consideration is that the right balance for one task may not be the right balance for a different task. We have set the default threshold for 10, so that only about one intermediate position in 10 is broadcast. While dragging is not completely smooth at this setting, it provides a good sense of the drag. Since in most rooms the majority of actions are dragging, this setting reduces the number of broadcasts by almost 90%.

	In addition, we have provided a threshold button so that users can adjust the setting. If they want to see more accurate dragging, they can decrease the number skipped. If they are concerned about delays when dragging complex figures, they can increase it. Along with several other measures to speed up display of the GeoGebra tab, loading of used rooms, scrolling of history and display of the Replayer, this threshold mechanism has solved the major network-load problem and start-up delays.

	Since GeoGebra maintains relationships between objects in the construction, it must recalculate the construction when changes are made. For complex constructions, these calculations can be time consuming, even for a modern computer. The normal way VMT reloads chat rooms is to replay every event that occurred, recreating the whole history. We found that rooms that had been used extensively—say, for two hours or so—and had multiple GeoGebra tabs could take many minutes to load. This was mostly due to GeoGebra having to recalculate all those historical changes to the construction. Our solution here is to save snapshots of the construction every time a user finishes a turn in control of constructing in the GeoGebra tab. Now, when the room is loaded, each event is loaded into the history, but it is not replayed in GeoGebra. When all the events have been loaded the snapshot is selected from the last “Release Control” event, and that is loaded in the GeoGebra tab. That cuts the load times for extensively used rooms to less than a minute. 

	Similar mechanisms were introduced in the history slider and the Replayer. In addition, for the history slider and the Replayer, a threshold tool is provided. It allows the user to move through the history at different speeds, either in the history slider of the GeoGebra tab or in the Replayer. For quick browsing the user can set the threshold to “minimum,” for a detailed study to “complete,” or somewhere in between.
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	Figure 6-4: A VMT chat room with the “Take Control” button, the history slider and action squares.

	.

	The controls for some of these mechanisms are shown in the accompanying figures. In Figure 6-4, you can see the “Take Control” button. This gives one user the ability to engage in construction in the GeoGebra tab. All users who are in the same chat room with the same GeoGebra tab open will be able to see the GeoGebra actions taken by this user. A user who is not in control of construction in the tab can scroll back through the history of GeoGebra actions in that tab—notice the tick marks along the left of the tab lining the history scrollbar. Also, notice in the chat pane the presence of small colored squares. These each signal a GeoGebra action; they are color coded to correspond with the user whose chat postings are the same color.

	 

	 

	In Figure 6-5, the “Take Control” button has been pressed and the user sees the message “you have control”; if someone else had control, then that user’s login name would be shown. To the right is an indication of which construction tool is currently active in the tab. Notice that the chat includes messages when users change the tab they are displaying. In this way, everyone in a team—i.e., in the same chat room—can tell where their team members are looking, who currently has control of the construction and what construction tool is active. They will be able to see any change to the construction or dragging of objects practically as they are done. They can also adjust the “Event Throttle” to avoid annoying delays in display updates and they can “Share Your View” to adjust everyone in the team to the same level of zoom and focus. Through these tools, displays and mechanisms, a sense of co-presence at a shared geometric figure can be created and maintained.

	[image: Image]

	 

	[image: Image]        [image: Image]

	 

	 

	 

	 

	Figure 6-5: The “Release Control” button, History Threshold menu and “Event Throttle.”

	The “Share Your View” option was introduced because users would get confused when they did not see the same thing on their screen as other users in the room. This was because GeoGebra does not distribute user actions that are not related to the construction, but are just viewing adjustments. A user can zoom in or out, scroll around the view, or turn the axis and grid on or off without affecting what other users see. Consequently, one user may be constructing or dragging an object in an area that is off the screen for another user. To help with this we implemented a “Share Your View” menu option. Even if a user does not have control, they can select this option to “push” their view settings out to the other users’ clients. Currently this only matches up the zoom level and the view center point, but that is usually enough to avoid misalignments of view, which cause some users to not see important objects that others see and chat about.

	A final tool for supporting co-presence is the VMT pointing tool. That was always part of VMT, even before GeoGebra was introduced. This tool allowed a user to reference from a chat posting to an object or area in the shared whiteboard. When one typed a chat message, one could select an object in the whiteboard or a rectangular area in the whiteboard. Then, when the message was posted, everyone could see an arrow going from the posting to the whiteboard object or area. This supported deixis, which is considered important for co-attending to an object, a critical component of co-presence (see Chapter 8). 

	There are many ways in which we have tried to foster awareness of what people are doing in a VMT chat room with GeoGebra tabs. Some of these mechanisms already existed in VMT in the past, others have been added. Many have been changed to seem more natural or to avoid interfering with the main interactions. It is hard to design awareness features so that they work well in a wide range of different use cases yet do not become invasive under other scenarios. Features that are effective for a dyad working on a simple problem in one tab may not work well for a larger group of collaborators engaged in a complex task involving jumping around between different kinds of tabs. We have tried to implement reasonable defaults and provide for some user control as well. Of course, adding user control makes the whole system more complicated and harder to learn and to use. Testing with middle-school students constantly reminds us of the dangers of designing too much functionality into the core components of the system, although in areas like the Replayer and assessment reports, we need to support more sophisticated users, such as teachers, system administrators and researchers.

	
		Supporting Dynamic Construction and Intersubjective Understanding



	A major aspect of dynamic geometry is that it supports a rich form of dynamic construction by users. This area required careful design for a multi-user version. The VMT Project is the first sustained effort to produce a truly collaborative form of dynamic geometry. Although it has not been widely publicized, there were fleeting attempts by the creators of Geometer’s Sketchpad, Cinderella, and GeoGebra to make their products multi-user (personal communications, July 2012). However, none of these efforts reached the point of actually having users try out the collaboration. This is not surprising, given the complex issues that arise. There have also been attempts to skirt the issues by embedding single-user systems inside of learning management environments like Blackboard, Elluminate, or Moodle; these were screen-sharing approaches, which turned out to be awkward at best.

	The VMT Project is the first sustained effort to produce a truly collaborative form of dynamic geometry.

	A central problem with having multiple users working on a construction is to make sure that two clients do not change the same part of the construction at the same time. For example, if one user is creating points for a polygon and then another user moves one of the points or uses it to construct a different object, the intended construction is destroyed. GeoGebra assigns labels to new points in alphabetical order. If two users simultaneously create Point C, then there is a conflict. This can easily happen because two clients can each create a new point C before either receives notification of the other one. Suppose that two points already exist and one user defines a line with them while another defines a circle. Then the line and circle will be dependent upon each other in a way that no one intended. Aside from users stepping on each other's toes, GeoGebra can become confused and end up in an error state if multiple users are adding to or deleting from the construction at the same time. 

	To prevent such conflicts, we implemented a “Take Control” button. Only one user can take control at a time, and for all the other users, all creation tools in GeoGebra are disabled. While this might seem to restrict users too much, given that we want them to engage in construction, it actually has a positive effect on collaboration. It prevents people from going off on their own and ignoring the work of others. It forces them to communicate about taking turns. This leads to the group paying attention to one person’s construction activities at a time. Of course, everyone can engage in chat, asking why the person in control is doing certain things, make suggestions, or point out interesting things that occur. This promotes intersubjective shared understanding (see Chapter 8), because the group is acting as a single agent.

	One thing that a user can do when someone else has control of construction is to review past actions to recall what the group did in the recent past, other things they tried and how they got to where they are now. This is supported by the history slider (shown in Figure 6-4). The history slider was a useful function in the shared whiteboard of the original VMT system and we wanted to extend it to GeoGebra tabs. However, maintaining the history for each GeoGebra instance requires some care. Since objects in GeoGebra have relationships and a history that is maintained separately in each client, a client cannot accept changes to the current construction from other clients, while browsing through the history. The latest changes would not correspond to the historical state of the construction being displayed. Our solution here is to simply buffer updates until the user returns to the current state. Then all the buffered events are processed in the order they were received.

	In order to support dynamic construction by a team, we implemented the control mechanism along with awareness displays indicating who has construction control in a given tab, what tool they are using and who else is viewing that tab. We also implemented a history slider to allow users to browse past actions in the team construction without interfering with the current construction.

	
		Supporting Dynamic Dependencies and Group Cognition



	According to Chapter 5. , a major goal of having students experience dynamic geometry is for them to gain an understanding of dynamic dependencies. Dynamic dragging can be used to provide a visual acquaintance with behaviors resulting from hidden dependencies. Following that, dynamic construction should incorporate into geometric figures specific dependencies among their elements. An understanding of dependencies in geometry can provide a basis for deep understanding of important relationships, enabling students to explain reasons for their noticings and even proofs for their conjectures.

	One way to guide students to insightful experiences of dynamic dependencies is to provide them with problems in which one can see relationships that are maintained during variation through dragging and in which success in constructing successful solutions is achieved through strategic building in of dynamic dependencies. This can be approached through providing a set of individually interesting problems. 

	Perhaps a more effective approach—and this hypothesis is still being tested in schools—would be to provide a systematic curriculum. Here, one activity in dynamic geometry would build on the previous ones, much like Euclid’s propositions relied for their proofs on earlier propositions, often in strategic sequences. Furthermore, the activities and accompanying resources (images, sample constructions, instructions, background materials) would be systematically designed to emphasize and make visible and accessible the dynamic dependencies involved. In a collaborative setting, groups of students would have a scaffolded opportunity to discuss the dependencies involved and to reflect on the role of these dependencies in the solution of problems, in the formulation of explanations and as a basis for understanding generalizable principles. The following chapters will explore this approach in various ways.

	One way of supporting the use of a systematic curriculum of dynamic-geometry activities is to provide mechanisms for seeding chat rooms with resources to guide the students. Different groups of students will enact these resources in diverse ways, pursuing a variety of interpretations of the “problem” and “goal,” as well as adapting experiences from prior sessions in distinctive ways. Our curriculum (see Chapter 10) consists of a series of topics, each presented in its own chat room. For instance, a student group named “Group_3” would have their own chat room for each topic in their curriculum. Each room might have several GeoGebra tabs. When the students meet in a room, they will see the several tabs already containing some materials for the topic. There might be textual instructions; there might be geometric figures to drag; or there might be images of figures to construct. 

	The VMT environment includes tools for teachers or curriculum developers to set up rooms with resources in GeoGebra tabs. In Figure 6-6, the interface for “Create New Room” has been filled out to create nine chat rooms for nine groups. The rooms will be named “Group_1” to “Group_9.” They will all be part of the “WinterFest 2013” project, for topic “Topic 05” in the “Dynamic Geometry” subject. Three GeoGebra tabs will be in each room, along with the standard chat pane. GeoGebra files containing constructions have been specified to be pre-loaded into each tab.

	Another support for dependencies is custom tools. When a student group comes to an understanding of a dynamic dependency that they want to be able to use easily in the future, they can create a custom tool that embodies that dynamic dependency. For instance, once a group understands how to construct an equilateral triangle where the side lengths are dynamically dependent upon the length of the first side, then they can save this construction as a custom tool and add that tool to the tool bar. Similarly, when they understand how to construct a line perpendicular to another line and passing through a given point, they can create a custom tool for quickly generating perpendiculars. Some of these tools already exist among GeoGebra’s hundred tools. However, by creating a custom tool, a group learns how the tool works and what dependencies the tool enforces. In addition, the process of creating a custom tool collaboratively and testing it out can enrich the group’s understanding of design decisions made in the details of the creation. There are many functions for which no tool exists in GeoGebra. For example, there is no tool for a simple function like copying an angle so that the new angle is dependent on the original dynamically. There are also no tools for creating the various centers of a triangle, like an incenter.

	While GeoGebra already supports custom tools, there were issues to be worked out for implementing custom tools in a collaborative online environment. The standard single-user GeoGebra saves a user’s custom tools on the local hard disk. That means that a user who works on different computers (e.g., in a school computer lab) has to save files with the custom tools and transport the files around to retain use of the custom tools. In a group context, we wanted the whole group to have access to a custom tool that any one person created. In fact, that was necessary in order to have constructions that use the custom tool be properly displayed in everyone’s client. So we had to adjust GeoGebra’s support for using and managing custom tools to function together in a workable and natural manner.
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	Figure 6-6: Interface for creating rooms with loaded figures in tabs.

	
		Supporting Reflection, Assessment and Research



	Because VMT was developed as part of a research project, the chat rooms are fully instrumented to capture a detailed and complete record of all the interaction that takes place in them and to allow researchers to see and analyze everything that the users themselves experienced of the interaction with each other. While a researcher may not know what an individual student does off the computer during or between sessions—such as writing on paper, talking to someone physically present or browsing Wikipedia or Google—neither do the other team members. Unless someone reports on their off-line activities in the chat, those activities are not part of the collaborative interaction. Of course, an individual student can use some information from those off-line activities, but they can also use anything they might have come across at any time in their life, and no researcher can know about all of that. So, VMT captures about as much of the group interaction as is possible—without the methodological and practical complexities of video capture and audio transcription.

	This has important consequences for the students and teachers as well as for researchers. It means that students can look back and reflect on their work together. For instance, a student can capture an excerpt from a chat log or even a screen capture from the Replayer to include in a report on their group’s work. They can also re-enter their chat room at any time; the rooms are persistent and remain available. Then they can review the discussion and even add to it or continue the work. The chat rooms, chat logs, and Replayer files are available to everyone who has registered in VMT. The availability of the rooms also means that students can compare what their group did with results and behaviors of other groups. This can be a powerful learning experience. 

	Of course, the teachers have the same access to everything that took place. Even though the teachers are typically not present in the chat rooms when students are working, the fact that the students know that teachers and others have access to the chat rooms and to their logs may temper some undesirable behaviors that might otherwise take place. In addition, teachers can keep track of how much each student participated in sessions and gather a sense of how the class did on different topics. They can use these views to perform formative assessments. This can lead to discussions that are more effective, if the students are part of a face-to-face classroom. The teacher can decide what aspects of the curriculum need more discussion and perhaps which students can present accomplishments—either successes or failures—that warrant class discussion (Stein et al., 2008). Teacher reviews of how the sessions went can also lead to revisions of the curriculum.

	Building an environment for collaborative dynamic geometry includes designing tools for reviewing and analyzing what took place in group sessions. These display and visualization tools can serve students, teachers, and researchers. We have some displays that have been part of VMT for years and others that have been recently developed. Clearly, a lot more are possible; learning analytics and visualizations are continuously under development and testing. Experienced math teachers—who are taking professional development courses as part of the project—are conducting student assessments using the data saved in the VMT system and the tools and displays available.

	Because the multi-user system is a client-server system, all activity by people anywhere in the world using the system passes through the central server computer. All the interaction messages that are passed around the clients are stored in the server. That allows researchers access to all of the history. The down side of this is that it is hard to get a handle on who has done what and where the interesting data lies. We are currently tying to compile this information automatically in ways that can guide research. Our means of displaying and reporting what has taken place include: a dashboard, logs in different formats, Replayer files, pivot tables, visualizations, and case profiles.
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	Figure 6-7: The dashboard of reports on a chat room listed in the VMT Lobby.

	The dashboard shown in Figure 6-7 is particularly useful for teachers to track what is going on in student groups while the groups are active in chat rooms. It can be displayed for any chat room and immediately gives a summary of the activity in that room. A teacher can see which students are present and how active they have been—without the teacher having to enter the room and intervene in the student collaboration. A teacher can open several of these dashboards and refresh the display periodically to know who is currently active. At the bottom of the dashboard are buttons to produce reports. The reports are immediately downloaded to the teacher’s desktop and reflect all activity up to the moment the report was generated.

	The downloaded reports include spreadsheet logs in different formats and the Replayer file for the room. In addition, there is a pop-up chat log. The pop-up chat log is particularly handy for quickly browsing the on-going chat. As shown in Figure 6-8, it displays the activity spread across a column for each student. This provides a good visual overview of how the work is shared and how the discussion goes from student to student. Of course, one can also read the comments that students post and see what GeoGebra actions they are taking. 
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	Figure 6-8: A pop-up chat log accessible from the dashboard.

	An alternative display of the chat is shown in Figure 6-9. Here, the log is consolidated in one column. This is useful for publication in reports (like Log 7-2 in this book). The “Event Type” column can be filtered to just include specific categories of events, such as chat messages posted by students, GeoGebra actions taken by the students or awareness and system messages generated by the software. For chat postings, start and post times are both given, to help figure out what previous post someone is responding to.
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	Figure 6-9: A spreadsheet with one column of chat log, which can be filtered by event type.

	A good report for browsing among rooms for activity is the pivot table shown in Figure 6-10. Using this spreadsheet, one can “drill down” from the project community level (Spring 2013) to math subject (Dynamic Geometry), curricular topic (Topic 05), small group (Group 2), event type (chat), individual student (Cornflakes), and posted data (detailed chat postings). Information at the different levels can be sorted, filtered, and counted. Simple statistics can be computed. This is a useful report for comparing the activity of different groups and the students within the groups. For instance, in the displayed view, one can see how much each student contributed to the chat, how much each worked in the “Triangles” and the “Squares” GeoGebra tabs in Topic 02 and who was the most active overall in this topic. Group 3 seems to have been much less active than Group 2, but Group 1 was even more active. One could now drill down to get a sense of what all the activity in Group 1 was about.
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	Figure 6-10: A pivot table of chat postings, for students in Topic 05.

	The pivot table is a flexible spreadsheet for exploring quantitative relationships among groups and individuals. To get quick visual impressions of comparisons among groups, we can use bubble graphs, like that in Figure 6-11. This image represents the activity of a group working for two hours. It represents their activity in chat, the whiteboard, GeoGebra tabs, and other actions during five-minute time slices.
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	Figure 6-11: Bubble graph of Group 2 working on Topic 5.

	Many other configurations of this data are possible. In the set of bubble charts in Figure 6-12, each of the six groups that worked on Topic 5 for two hours in the same classroom are compared. In these charts, the height of the bubble represents how many of a certain kind of action (chat, whiteboard, GeoGebra or other) took place during the five-minute time slice. The size of the bubble represents how many people were involved in the chat or other kind of activity (usually 1, 2 or 3 people).

	Group 1
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	Group 2
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	Group 3
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	Group 4
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	Group 5
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	Group 6
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	Figure 6-12: Bubble graphs comparing six groups working on Topic 5, with trend lines for chat.

	Certainly, many other visualizations and displays are possible. For researchers, these help to deal with a mass of data—to get useful overviews and some indications of where interesting cases may lie, depending on one’s research questions. For the VMT Project, we are interested in developing case profiles that demonstrate how groups learned the foundational ideas of dynamic geometry or how they failed to do so. What tools and resources helped, and which hindered? How do students engage in online collaboration around dynamic geometry? How can this be facilitated or supported?

	

	Chapter 10. Practice: Doing Geometry



	Chapter Summary

	To provide a concrete example of human-centered geometry, a number of sample activities are presented here for student groups to engage in collaborative dynamic mathematics. They include the basic exploration of triangles and quadrilaterals—largely translated from Euclid’s Elements—as well as the concepts of congruence, symmetry and transformation. They build sequentially, emphasizing student exploration, hands-on construction, awareness of dependencies, explanation of reasoning and collaborative mathematical discourse at every stage.

	 

	 

	A sample curriculum in dynamic geometry has been designed, based on the principles in Chapter 9. It consists of twenty topics. Gradually, these topics guide groups of students through a series of interactive experiences intended to encourage them to develop practices that provide a shared understanding of dynamic geometry. Each topic consists of three or more tabs within the VMT interface. Each of these tabs is a multi-user GeoGebra environment in which the group can work. 

	
		A Curriculum of Resources



	Figure 10-1 shows a VMT chat room, pre-loaded with a topic. Notice that there are six tabs and the students are currently working in the tab entitled “Objects.” They are discussing point 13 in the list of instructions. They have created a couple of objects in the GeoGebra tab in addition to the objects that were provided. They created a circle with a radius, LM. One student asks the others what they notice, in accordance with point 13. Another says she noticed, “no matter where the radius is, it will be the same length.” Other students agreed. Then the group decided to move to the next tab.

	 

	[image: Description: replayer]

	Figure 10-1: A VMT chat room for Topic 1 seen in the VMT Replayer.

	
		Building Up Geometry from an Intuitive Starting Point



	The first topics allow students to explore the elements of dynamic geometry: the point, line, circle and polygon. They can drag them, create new ones, and explore their behavior and dependencies. In an initial warm-up exercise (Figure 10-2), they are introduced to the elements and encouraged to drag them. 

	 

	[image: Description: 0a]

	Figure 10-2: The Warm-up tab, “Warm Up.”

	In the first stage of the first session (tab A of Topic 1), they are stepped through a collaborative approach to using the GeoGebra tools (Figure 10-3). The second tab provides some advice on using the VMT tools.

	 

	[image: Description: 1a]

	Figure 10-3: Topic 1, tab A, “Welcome.”

	The third tab steps the students through the creation of dynamic geometry (Figure 10-4). A point is operationally defined solely as a location in the tab’s workspace. Students can create points at any location in the tab and drag them to any other location. 

	A line segment is then defined as a locus of Points between any two end points. By dragging point J—which is constrained to stay on an existing segment—students will observe a visual locus of the path covered. They can physically drag the point along the segment and visually observe the formation of the segment as the path of a point. Similarly, a circle is defined as a locus of points the same distance from a center point. Again, a student can drag a point G on a circle and observe a display of the locus of points traversed. Taking this a step further, the students can connect the center of a circle with a point on the circumference to create a radius and then drag the point around the circumference to observe the behavior of the radius. 

	 

	[image: Description: 1c]

	Figure 10-4: Topic 1, tab C, “Objects.”

	In this way, one can see the objects of dynamic geometry built up from the simple point. Moreover, the student is already exposed to some basic notions of dynamic geometry, such as that a point can be constrained to remain on a segment or a circle and that all radii of the circle are the same length by definition of the circle as a locus of points the same distance from the center.

	One can see the objects of dynamic geometry built up from the simple Point.

	The fourth tab (Figure 10-5) provides further experience with dragging and constructing points that are constrained to stay on a segment or are dependent upon the point of intersection of two lines. This introduces from the start the concepts of constraint and dependence as central to dynamic geometry. Students may not fully comprehend these concepts right away, but the terms are introduced into the discourse vocabulary, where they can be played with and mature. 

	 

	[image: Description: 1d]

	Figure 10-5: Topic 1, tab D, “Dragging.”

	The next tab (Figure 10-6) explores an aspect of these terms. First, it has the students contrast the results of copy-and-paste with dynamic-geometry construction. They see that there is a dependency maintained between segment AB and segment CD, but not with the copy-and-pasted segment A1B1. Further, the terms “constrained” and “dependent” are differentiated by distinguishing “partially constrained” from “completely dependent.”

	 

	[image: Description: 1e]

	Figure 10-6: Topic 1, tab E, “Constructing.”

	Finally, for those groups who have time for a sixth tab, a challenge construction is presented. A central operation in dynamic geometry is copying a length from one segment to another, maintaining the dependence of the new length on the old, even if the original length is changed by dragging. In this tab (Figure 10-7), students must copy two lengths using GeoGebra’s compass tool, which is tricky to use. They are instructed to drag all points to check that the dependencies are maintained and the lengths dynamically adjust properly. 

	[image: Description: 1f]

	Figure 10-7: Topic 1, tab F, “Dependencies.”

	
		The Dependencies of Triangles



	Much of Euclid’s geometry is implicit in his first proposition, the construction of an equilateral triangle. In dynamic geometry, many of the fundamental resources of dynamic dragging, dynamic construction, and dynamic dependencies can be experienced by working on this construction. Topic 2 focuses on this. The first tab (Figure 10-8) steps the students through the construction, including dragging to check the dependencies and then discussing the dependencies among the distances between the three points, and hence the lengths of the equal sides. The mastery of this construction—including a shared understanding of its design rationale—signifies an initial level of expertise in dynamic geometry.

	[image: Description: 2a]

	Figure 10-8: Topic 2, tab A.

	The second and third tab (Figure 10-9) provide an extension of the equilateral-triangle construction to make explicit some of the relationships inherent there. This will lead to constructions in Topic 3 involving perpendiculars and bisectors. The exploration of various constraints and dependencies in this construction are related to the same constraints in different kinds of triangles.

	[image: Description: 2c]

	Figure 10-9: Topic 2, tab C.

	The fourth tab (Figure 10-10) displays a variety of triangles, with built-in (invisible) constraints. The students can drag the triangles and their vertices to see how they are each constrained and to see which can be made to overlay others

	[image: Description: 2d]

	Figure 10-10: Topic 2, tab D.

	
		Designing Custom Tools



	As part of having the students build up dynamic geometry themselves, Topic 3 has them create their own custom tools before giving them access to the corresponding GeoGebra tools. It has them construct perpendicular bisectors and perpendiculars through a given point. It then leads them through the creation of a custom tool that encapsulates their construction (Figure 10-11). 

	[image: Description: 3b]

	Figure 10-11: Topic 3, tab B.

	The group members can use this custom tool to quickly construct perpendiculars to lines. Applying their custom tool twice, they construct a perpendicular to a perpendicular, which is a parallel to the original line. They can then use this to create a custom tool for generating parallel lines (Figure 10-12).

	[image: Description: 3c]

	Figure 10-12: Topic 3, tab C.

	
		The Hierarchy of Possible Triangles



	Topic 4 encourages the students to think about all the different kinds of triangles that are possible—given three line segments joined at three vertices. They create custom tools for generating right triangles using their perpendicular tool, for instance. Then they are asked to organize the variety of differently constrained triangles into an inheritance hierarchy (Figure 10-13). This introduces a systematic view of the phenomena. 

	 

	[image: Description: 4c]

	Figure 10-13: Topic 4, tab C.

	
		Discovering Dependencies



	The exercise involving inscribed equilateral triangles has been found to be a fruitful one because of how strongly it involves the detection of dependencies and the attempt to re-construct them—thus integrating exploratory dragging, analyzing dependencies and designing constructions. Accordingly, Topic 5 starts with that exercise in the first tab (see Section 0). Its second tab extends the problem to inscribed squares. This is then generalized to N-sided regular polygons inscribed inside each other, illustrated with inscribed regular hexagons (Figure 10-14). The challenge is stated to come up with a general conjecture for all inscribed regular polygons and even to prove the conjecture. If students do not figure out the key to the inscribed triangles in tab A, they are encouraged to explore the figures in the other tabs so that they might see the dependency that is common to them all. This Topic introduces a mathematical sense of generality of dependencies and the connection of this to proof.

	[image: Description: 5c]

	Figure 10-14: Topic 5, tab C.

	
		The Intriguing Centers of Triangles



	As we already saw in Chapter 4, the incenter of a triangle possesses interesting properties (due to the dependencies designed into its construction). There are a number of “centers” that are typically studied in geometry. They are useful for constructing an inscribing or a circumscribing circle, for instance, or for locating a point such that the sum of the paths from there to the sides or to the vertices is minimal (Figure 10-15). 

	[image: Description: 6c]

	Figure 10-15: Topic 6, tab C.

	In Topics 6 and 7, students construct custom tools for the incenter, circumcenter, centroid and orthocenter. They can then easily construct Euler’s segment and explore the associated 9-point circle (Figure 10-16).

	[image: Description: 7d]

	Figure 10-16: Topic 7, tab D.

	
		Transformations, Symmetries and Proofs



	The rigid transformations of an object (e.g., a triangle) are introduced in Topic 8, including the possibility of sequences of transformations. Students are encouraged to explore the use of GeoGebra’s transformation tools. Transformations are then used to introduce the concept of symmetry. The ideas of rigid (i.e., area preserving) transformations and symmetry are then used to motivate the conjecture that the area of a triangle is one-half the area of the rectangle that contains it (Figure 10-17). It is suggested that a proof could follow from a consideration of the dependencies. 

	[image: Description: 8c]

	Figure 10-17: Topic 8, tab C.

	The ideas of rigid transformations and symmetries are used in Topic 9 to derive and/or prove several propositions of Euclidean geometry. These include that the sum of the angles in a triangle equal a straight line (

	Figure 10-18). This is generalized to a conjecture about the sum of the angles in an N-sided polygon.

	[image: Description: 9a]

	Figure 10-18: Topic 9, tab A.

	
		Visualizing Similarity and Congruence



	The dilation transformation is introduced in Topic 10. It is one way to construct similar triangles. Another way is to copy the angles so corresponding vertices of an original triangle and a constructed copy have the same size angles (Figure 10-19). The students can consider the relationship of these two different approaches to similarity of triangles.

	 

	[image: Description: 10b]

	Figure 10-19: Topic 10, tab B.

	Topics 11 and 12 are devoted to giving students a hands-on visualization of why certain combinations of equal sides and angles produce congruent or similar triangles. This includes the standard rules of SAS, SSS, ASA. The last case considered is the tricky one of SSA (Figure 10-20). The construction with the SSA constraint almost determines that the constructed triangle will be congruent to the original, but there is sometimes a second possibility. It is hoped that students will internalize the figures constructed in these tabs to understand why certain combinations of constraints guarantee congruence, rather than simply memorizing the list of acronyms. 

	 

	[image: Description: 12c]

	Figure 10-20: Topic 12, tab C.

	
		From Triangles to Quadrilaterals



	One can experience a lot of the basics of dynamic geometry by studying triangles. Their structural simplicity avoids confusing clutter. The lessons of triangles can then be extended to more complex polygons, starting with quadrilaterals. Topic 13 involves the exploration of the many different kinds of quadrilaterals one can construct by selecting different constraints on the number of equal sides, equal angles, right angles, parallel sides, lines of symmetry or characteristics of their diagonals (Figure 10-21). Students can identify these constraints in the presented quadrilaterals and then try to construct their own copies.

	[image: Description: 13a]

	Figure 10-21: Topic 13, tab A.

	Like triangles, quadrilaterals seem to have mysterious properties. One is that connecting the midpoints of an arbitrary quadrilateral produces a parallelogram with half the area of the original figure. In Topic 14, the students are stepped through a proof explaining this (

	Figure 10-22). 

	[image: Description: 14b]

	Figure 10-22: Topic 14, tab B.

	Then the students are asked to explore whether there is an incenter of quadrilaterals that behaves like the incenter of a triangle (Figure 10-23); interestingly the answer is that it is only similar under certain constraints on the quadrilateral.

	[image: Description: 14c]

	Figure 10-23: Topic 14, tab C.

	The hierarchy of triangles was relatively simple. Now that systematic approach is applied to the more complex zoo of differently constrained quadrilaterals (Figure 10-24). In traditional geometry, there are several names for kinds of quadrilaterals and it is difficult for students to remember the names and the corresponding definitions. In Topic 14, it becomes clear that many distinct kinds of quadrilaterals exist that have no special name. Furthermore, there are certain kinds that can be defined in multiple ways, in terms of different sets of constraints. Working out and debating the structure of a hierarchy of quadrilaterals can be a rich exercise.

	[image: Description: 14d]

	 

	Figure 10-24: Topic 14, tab D. 

	
		Advanced Topics



	The initial topics are designed to introduce teams of students to dynamic geometry and to give them a sense of the core resources of dynamic dragging, dynamic constructing, and dynamic dependencies. Ties are made to materials from Euclidean geometry. This introduction should prepare groups and individual students to use the technology of dynamic mathematics to explore further realms of mathematics. As a taste for this, students are offered a number of problems to solve or open-ended micro worlds to explore. 

	This introduction should prepare groups and individual students to use the technology of dynamic mathematics to explore further realms of mathematics.

	Topic 15 provides some challenge problems that can be explored using dynamic geometry. Some of these came from Math Forum’s Problem of the Week.

	Topic 16 provides a series of explorations of rigid transformations and their possible compositions. The students are asked to pretend that they are designing a factory operation using machines that can translate, rotate and flip objects. What are the most efficient fleet of machines to purchase and use, assuming various physical and economic constraints?

	Topic 17 translates transformational geometry into the world of taxicab geometry (Krause, 1986), in which all points and lines are confined to a grid. The students are asked to redefine the meaning of triangle, circle and distance in this world and then to explore how rigid transformations can be carried out and composed.

	Topic 18 imagines a jeweler with two identical squares of gold for a broach. She wants to attach a corner of one square at the center of the other in a way that will maximize the amount of gold that is visible. The students are encouraged to consider special cases of the arrangement of the squares, come up with a conjecture, and explain why their conjecture is true.

	Topic 19 proposes a new form of polygon: a “crossed quadrilateral” that looks like an hourglass. Students are asked to explore its properties, such as the sum of its angles. They are presented with an argument for measuring the angles in a way that maintains properties from the “uncrossed” quadrilateral. 

	Topic 20 makes a transition to using GeoGebra’s algebra interface. This view allows construction by entering symbolic descriptions and it also displays numeric values of objects. First, a construction of a tangent to a circle from a point outside the circle is carried out using the tools the students already understand. Then the students are shown how to do the same construction using the algebraic approach. From here on, the students should be able to explore the wide range of functionality available in GeoGebra on their own. Meanwhile, they may have internalized an approach to mathematical thinking that includes emphasis on exploratory inquiry, construction design, and understanding of dependencies.

	
		An Introductory Trajectory



	The sequence of topics presented in this chapter is designed to accomplish multiple goals. It introduces students to collaborative dynamic geometry at a technical level by guiding them in the use of the VMT and GeoGebra software tools. It does this by providing heavily scaffolded exercises in constructing basic geometric objects and discussing them with team members. These exercises familiarize the student with the elemental structure of dynamic geometry: how points can be located and moved; how lines (segments, rays, infinite lines, vectors, circles) connect points; how points can be confined to lines or intersections; how hierarchies of dependencies determine the possible movements or behaviors of dynamic-geometry objects. Simultaneously, small-group chats about what team members notice and wonder begin to instill effective collaboration practices, such as taking turns controlling the construction, recognizing the contributions of others, assuming helpful roles, directing work on given tasks, summarizing findings, repairing misunderstandings, negotiating differences of opinion, focusing attention on mathematical issues, providing innovative perspectives, proposing creative approaches.

	Exploration of dynamic construction begins with Euclid’s first two propositions: constructing an equilateral triangle and copying a segment length. These are both transformed into their dynamic analogues. Careful study of these two examples reveals the core of dynamic geometry. To be dynamically equilateral, a triangle must not only have equal side lengths and equal angle measurements. The sides must remain equal to each other even when one of the sides is dynamically dragged to be longer or shorter and the angles must remain equal to each other even when a vertex is dynamically dragged to change the orientation of the angle. This introduces the notion of dependency—that one side’s length is dependent upon that of another side (due to both being constructed as radii of the same or congruent circles). Similarly, when copying a segment it is not sufficient to duplicate its current length since that might change. It is necessary to ensure that its length changes in accord with any dynamic change in the length of the original segment. This involves constructing a sequence of dependencies connecting the two segments. Incredibly, Euclid’s ancient construction methods for non-dynamic geometry suffice for dynamic geometry—given the dependency mechanisms of a software system like GeoGebra.

	Once students acquire a feel for working collaboratively with dynamic geometry, they can begin to explore the standard themes of geometry. Traditionally, this begins with the characteristics of triangles, the simplest closed figure composed of lines. Students can construct isosceles and right triangles and discuss how these are just some of the possible special cases of three-sided polygons. They can investigate various “centers” of triangles and different ways of establishing congruence of triangles. Already at this point, the notion of deductive proof enters. Many proofs—as well as many problem-solving strategies—rely on identifying congruent triangles and proving congruence. The GeoGebra topics on congruence emphasize visualizing in dynamic constructions (and discussing in chat) the dependencies that establish congruence of triangles. This is intended to bring together different senses of proof (visual, intuitive, explanatory, conceptual, systematic) to support each other. 

	At the core of the establishment of congruence in dynamic geometry are the relationships of dependency. To the extent that students and groups can visualize (construct and drag) and understand (discuss) these dependencies, they in effect prove them. Some researchers of dynamic geometry have argued that students who demonstrate that a conjecture is always true by dragging the relevant figure through many cases lose their motivation for developing a traditional formal proof. Other researchers counter that there are different levels of proof and that students must progress through them, including the levels supported by dynamic dragging. These views are focused on dragging rather than on construction and dependencies. The approach of the topics in this chapter is aimed at orienting the students and groups to construction as a design process for establishing dependencies. To establish the dependencies that guarantee that, for instance, two triangles are congruent is to prove that the triangles are congruent. This conception of proof contrasts to the formalist sense of axiomatic deduction, which has grown in geometry over the millennia. The conception of proof through the establishment of dependencies is central to dynamic geometry and provides the student with a visual and conceptual understanding of why a conjecture is true, allowing the group to engage in significant mathematical discourse about the conjecture.

	Following the investigation of triangles, the topics move to other areas of basic geometry, as defined by the Common Core standards, such as quadrilaterals and transformations. From here on, the topics are presented more as open-ended explorations, where the student groups can negotiate how to proceed. The goal is to encourage the groups to work like mathematicians exploring a new area of mathematics. The groups are encouraged to decide for themselves what the most interesting questions or conjectures are, how to investigate them, and what to conclude.

	The final topic connects the geometry interface of GeoGebra with the algebra interface, exposing the student to more of the power of GeoGebra for supporting a wide range of mathematical work. The hope is that students at his point will be able to adopt GeoGebra as a flexible toolkit for their future work in mathematics. In addition, they may have come to appreciate the power of collaborative learning in mathematics and will continue to engage in small-group interaction—whether online or face-to-face—around stimulating topics in mathematics.

	The goal of these topics is not to present a full course on dynamic geometry, but to equip students with the tools and more importantly the orientation to visualize, construct, and articulate relations of dependency as they study mathematics in the future.7
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	Chapter 9. Pedagogy: Designing Geometry



	Chapter Summary

	Based on the preceding analyses of interaction during cycles of design-based research and on the theoretical considerations concerning interactional resources, a number of design principles are discussed for a pedagogical approach to dynamic geometry. These principles focus on providing resources for collaboration, exploration, construction, proof, geometry content, and math discourse. 6

	 

	In order to support translating Euclid, the VMT Project is developing a socio-technical system to support group cognition among online teams of math students focused on discourse about dependencies in dynamic-geometry constructions. The following analysis of a pilot trial in an early cycle of the project’s design-based-research approach reveals barriers to group success from both software and mathematics issues, and demonstrates that participants “cycled” between these types of issues. The Project responded by developing a curriculum to address the uncovered technical and cognitive issues—in addition, of course, to improving the software. This chapter presents the findings of the early pilot study and the curriculum-design criteria that emerged from subsequent cycles of re-design, prototyping, testing and analysis.

	
		Design-Based Research Cycles of Trials



	Chapters 5 and 6 discussed some of the technical issues in developing the VMT collaboration environment and in transforming GeoGebra from a single-user application to a multi-user client integrated with VMT. However, when developing a socio-technical system, in addition to the technical development, we need to guide the group-cognitive work by providing helpful resources and scaffolding group practices. In designing resources for learning, we have to remember that the users will enact what we design to serve as effective resources based on their own circumstances and actions; designed artifacts are not resources until they are put into use concretely.

	To get a realistic sense of how groups of students will interact within the environment using the resources or affordances we design into the environment, we need to conduct pilot tests throughout our design process. In order to try out our system in naturalistic settings as part of our socio-technical, design-based-research approach—as well as to provide a basis for eventual deployment—we have developed relationships with two teacher-professional-education schools, where we deploy our system with practicing math teachers. However, arranging to test innovative software and disruptive curriculum in school classrooms is a time-consuming, expensive and difficult process. The software has to already be robust and easy to use, the curriculum has to be well conceived and aligned with the institutional curriculum, teachers have to be prepared, school authorities need to give permission and IRB procedures have to be followed.

	In our preliminary research stages, we have run informal pilot tests with available teams, such as groups of VMT project team members or groups of college students studying the software development process. This can give us very fast feedback on things we are considering incorporating without subjecting young students to untested materials. In one of these early tests, we used teams of masters-level HCI students. Our findings showed that these students encountered significant problems due to a lack of preparation for using the technology and for engaging in the mathematics. As a result of the analysis of these sessions—as discussed below—we realized that we would have to carefully craft a curriculum, which the teachers taking our professional-development training could follow and then adapt for their own classrooms. This curriculum would need to incorporate not only math lessons, but also tutorials about the VMT-with-GeoGebra technological environment.

	We started to sketch out a curriculum based on existing best practices and theories. We were fortunate that the Common Core State Standards for Mathematics (CCSSI, 2011) had recently been released and adopted by most states in the US. This provided an up-to-date, research-based outline of content for a geometry course, which was widely accepted. We also looked at progressive geometry textbooks and training materials for GeoGebra and Geometer’s Sketchpad.

	As we reflected on the results of the initial trials analyzed below, we realized that there were still many problems to be addressed. These involved design issues in extending VMT, in making GeoGebra multi-user, in supporting collaboration around the activities, in teaching the deep conceptual ideas in geometry, in taking advantage of computer-supported dynamic math and in promoting significant math discourse. We ran several cycles of additional trials within our research group and with available college students. In each cycle, we revised the curriculum, revised the software, ran the trial, and analyzed the behaviors. Generally, there were clear lessons from each trial, which led to the next cycle.

	Gradually, a set of design criteria for the curriculum was formulated and allowed to evolve. In this chapter, we report findings from the early session without curriculum to identify challenges faced by technologically adept individuals when attempting to engage in significant math discourse within the GeoGebra environment. Then we review some of the lessons for the technology and some of the aspects of the discourse that we believe are important. Based on these lessons, we then developed a curriculum based around online, small-group activities. This chapter discusses the criteria for the design of that curriculum, as it emerged from testing of trial curriculum drafts. The next chapter will present some of the activities we subsequently designed.

	We will focus here on the curriculum design because, from a socio-technical standpoint, the curriculum plays a central role of mediating between the people and the technology. It tells the people what activities they should be engaging in while communicating through and working within the technology. It also models for them how to talk about math. For an online course, in which there is no teacher present to orchestrate activities and interaction, the textual curriculum provides the major scripting of collaborative sessions and the primary scaffolding of the group cognition.

	
		A Trial without Curricular Resources



	In Fall 2011, we held an hour-long chat with four groups of information-science graduate students taking a course on CSCL using the VMT environment. In these chats, the groups met online and attempted to solve a geometry problem within the GeoGebra environment. The students had used the VMT environment to perform collaborative writing exercises in previous weeks, but had not previously used GeoGebra. These students were enrolled in majors related to technology, suggesting that they were engaged rather than nervous about technology use. As part of the exercise, there was no explicit introduction to the GeoGebra tool or further instructions other than the assigned problem.

	We were interested in analyzing these groups’ interactions and their strategies for navigating a new online collaborative environment. Two research assistants examined each log independently, using a thematic-analysis approach to reveal themes that were typical stages of conversation. The stages that emerged in the analysis included: social niceties, problem identification, technical discourse, math discourse, design suggestions, and future planning. While these are separate stages of conversation, we found that each group moved back and forth between technological and mathematical discourse; we termed this behavior “cycling.”

	We examined the logs further, using our initial categories as a guide to analyze this process of cycling. In our subsequent look, we identified the cyclical behavior triggered by individual statements distinctly indicating technical issues (involving software usage issues or software problems) versus mathematical issues and discourse (involving attempts to understand, represent and solve the geometry problem). By examining the chat logs we were able to observe phases of group interaction, how technology affects each phase and how the technology can both facilitate and inhibit successful completion of the task in an online environment new to group members.

	Analysis of the group chat logs illustrated the presence of a variety of stages of conversation by the members of the groups in the context of the problem-solving task. Each of the chats begins with an orientation, including the exchange of social niceties and resolution of unrelated issues, typically lasting two to three lines per group member. 

	Following the orientation stage, the groups formulated the problem by either explaining it in the chat to the other group members or by referring to the posted problem in another tab. This typically involved a statement to orient the group: 

	Quick summary – we have to work thru the problem (see topic). Summarize the process in the Summary tab and post a few sentences on the wiki too. We good? (Group 1, line 16) 

	This quote illustrates some of the important characteristics of this type of focusing statement, including a description of what the speaker is going to do with the statement, instruction and then a leading question to ensure the team is on the same page. 

	Table 9-1 illustrates the different stages identified in the chat logs of the four groups and the different places in the discussion in which math discourse began. This varied for each group, and even when groups did not start with technical issues, they arose very quickly. 

	Table 9-1: Stage identification of each of the groups

	
		
				 

				Group 1

				Group 2

				Group 3

				Group 4

		

		
				Opening Stages

				Orientation; Problem Identification

		

		
				Intermediate Stages

				Role Assignment

				Math Discourse

				Technical Issues

				Technical issues

		

		
				Technical Issues

				Technical Issues

				Math Discourse

				Role Assignment

		

		
				Math Discourse

				Design Suggestions

				Math Confusion

				Math Discourse

		

		
				 

				 

				Technical Issues

				Use of Alternative Tools

		

		
				 

				 

				Technical Confusion

				 

		

		
				Concluding Stages

				Summarization of task/experience; social niceties; next steps

		

	

	 

	 

	 

	 

	 

	Once Group 3 reached math discourse, they experienced confusion about the mathematical concepts, compounded by technical issues with the tool that further confused the participants in the group and degraded the quality of math discourse: 

	I’m trying to figure out how to delete this line… I kind of messed up… do you still see a line on the screen? (Group 3, line 24-25)

	This quote highlights a number of issues that were common across multiple groups: not knowing how to delete an object (an option expected by participants), and group members being unsure that they were looking at the same objects as their fellow group members. 

	Both Group 1 and Group 4 achieved significant math discourse as each of the team members attempted to solve the problem, but did so with the help of outside tools. Group 1 used PowerPoint. Group 4 experienced confusion because the VMT environment did not display the same screen to all group members, so one emailed a screenshot to share the solution. This indicates that use of familiar tools or tools that work intuitively enables groups to more quickly reach effective math discourse that achieves a solution. 

	
		Overcoming Technological Barriers



	The technological tool of multi-user GeoGebra—while providing many opportunities and options—often raised barriers for users. Barriers could be as simple as not being able to undo an action. However, even simple barriers stopped the groups from engaging in fluid math discourse and sometimes even went unresolved as the individuals found ways to work around issues. One example of this is the issue of not being able to easily rename an object. The mathematical problem these groups were attempting involved constructing an angle ABC (see Figure 9-1).
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	Figure 9-1: Task for groups of graduate students.

	Groups began playing with the system by adding objects to their GeoGebra screen. However, each group discovered that they were unable to simply rename the points on their screen, and the names they needed (e.g., A, B and C) were already in use by the system, although the objects they developed later in the process were better suited to solving the problem. This meant that their refined objects were confusingly named (for example, J, K and L), making math discourse about the objects in relation to the problem statement more complicated:

	One thing we can state is how the lettering got messed up… I think that is helping to confuse us. (Group 3, lines 58-59)

	Each group experienced this issue, and because of their lack of familiarity with the system, none were able to fix this problem. Other barriers were easier for the groups to creatively work around. 

	Because of the nature of the work, as groups overcame tool issues and moved into math discourse, new mathematical objectives (e.g., renaming a point, adding a ray) resulted in a return to the tool and often the discovery of a new technological barrier. Even in the face of such issues with the tool, multiple groups managed to achieve effective math discourse that led to solutions. Each successive cycle of math discourse and tool use also led to difficulty with the mathematical concepts at hand, which we will now discuss. 

	
		Discourse about Math Difficulties



	The goal of these chats for the students was to experience a new CSCL software tool, but also to engage in mathematical discourse around the visualization and solution of a geometry problem. Reaching a stage of significant math discourse proved to take some time for most groups, despite the fact that they were actively pursuing this goal. Typically, the first approach involved developing a shared understanding of what the mathematical problem was, which we termed “problem identification” in our stage-identification process. Groups quickly entered into discussion of technological issues with the tool, but had difficulty returning to the larger goal of mathematical discourse.

	Participants often employed a question structure to encourage a return to math discourse, and usually included words like “okay,” “well,” or “so” to bridge from the previous topic, which was typically a technological issue. In Group 4, one participant states:

	Ok, we are on the same page now… we need a point in the middle. (lines 179-180)

	In an attempt to move past the technological barrier of not being able to effectively rename objects and establish common ground among the participants, one participant transitioned with: 

	Well, anyway, do we all at least see i, j, k? (Group 4, line 83)

	In addition to bridging words, participants also employed explicit questions to reorient the group, for example: 

	Can i start by drawing two lines to create an angle? (Group 3, line 22)

	These structures serve to call attention to a reorientation and to give other participants the opportunity to request a pause in that reorientation to ensure they share understanding with the rest of the group. 

	Reorienting questions also served to highlight an understanding gap, pulling the group back into a math discussion to provide an explanation or confirm an understanding. One example of this math-question reorientation comes from Group 2: 

	If you try to construct a line EF trying to connect AB and BC, wouldn’t that mean A=C. (line 94)

	The use of reorienting statements rotates through group members, indicating that it was not always the same participant to return the group to math discourse. Talking about technological issues could quickly grab the attention of the group, but these reorienting statements were effective at refocusing the group’s attention on the mathematical issues. 

	When groups returned to this higher level of math discourse, there were a variety of approaches employed by individuals. Multiple participants displayed something akin to math anxiety, highlighting their lack of experience or inability: 

	I haven’t done geometry in a long time… I’ll need the hints. (Group 1, line 18)

	Often, members of the group shared in their confusion, as evidenced by Group 3’s experience with making the decision to look at the hints during a series of math discourse. The group looked at the hints as a whole, but each member admitted to being more confused after doing so, imagining that it could be their unfamiliarity with math causing the issue: 

	I’m not sure if its cause I haven’t done these types of problems in a while or the hints just aren’t that good. (Group 3, line 95)

	However, Group 1 and Group 4 were able to achieve math discourse and a solution, notably, with the use of familiar outside technologies. 

	
		Cycles of Problems



	The analysis of this pilot trial revealed cycles of problems, with the groups having to go back and forth between confronting technical problems with the software and cognitive problems with the mathematics. The cyclic nature of the alternation between technical and mathematical difficulties may have been an artifact of the task and the preliminary state of the software prototype. Although the task was to work on a geometry construction, within the online environment software problems intervened and distracted the group. Groups tried to quickly get around the technical problems and cycle back to the math. There, they found themselves poorly prepared to tackle a geometry problem. Both the technical and the cognitive problems were consequences of the situation of pilot-test participants in a design-based-research project. The socio-technical goal of the project was still in the distant future and the necessary supports for the participants were not yet in place. Thus, the subjects met with many difficulties. The point is to learn from the pilot trial: what are the most important social and technical features to be developed next?

	The experiences of the groups highlight interesting aspects of group-cognitive processes and how tool and math skills can hinder the ability to solve the problem by otherwise competent users.

	The experiences of the groups highlight interesting aspects of group-cognitive processes and how tool and math skills can hinder the ability to solve the problem by otherwise competent users. Clearly, while math discourse was a goal of each group, it proved difficult to achieve in the face of tool issues and feelings of math anxiety. When faced with a technical issue, the individuals blamed the tool for the inability to solve the problem, because they felt they were technically competent in general: 

	I’m an IT consultant and have to deal with various software programs meaning I’m familiar with how software should be designed and navigating my way around…this was definitely tough. (Group 4, lines 310-313)

	On the other hand, when faced with a mathematical concept that they were not familiar with, members of the groups blamed themselves for not being mathematically focused: 

	My High School Math teachers are furious with me right now I can feel it. (Group 3, line 96)

	This dichotomy between technical ability and mathematical inability was identified in each log. While this is an interesting case in our specific dataset pertaining to mathematically oriented online-learning contexts, we suspect that this phenomena may be evident in other collaborative-learning situations. Working to learn both content and the technology used to deliver that content can be overwhelming and may distract from the conceptual intent of the lesson. These difficulties are evident in our analysis as triggers of cycling and may be applicable to many technologically mediated learning situations. Because of these identified issues, it is important to build technological familiarity into any educational groupware environment to overcome technological issues early in the process. We find that in the face of tool adversity individuals defaulted to tools they were comfortable with such as PowerPoint, paper/pencil or screenshot/email. The use of familiar tools allowed the members of the groups to focus on the actual math discourse and problem solving, and isolate negative effects of the prototype tool on their productivity. 

	One of the most striking elements of our analysis is the concept of cycling in the group process between tool issues and math discourse, including math anxiety, confusion and solutions. Our observations in this environment indicate that there was a salient presence of software functionality issues that, when coupled with gaps in knowledge, derailed mathematical discourse. This derailment and interest in getting back on task led to cycling. Although each group experienced cycling, the groups that were most successful were able to quickly manage technological barriers and return to math discourse for the majority of their chat. 

	In the future, it seems clear that reducing tool issues and increasing the time available for math discourse is key for productive computer-supported collaborative mathematical problem solving. While we are not arguing that all technological systems will include these barriers, the experience of technological confusion does seem to be a common occurrence for, at least, new users of technological systems. As highlighted by one of the participants, 

	The issue with our first attempts was the usability of the tools – and lack of familiarity of the capabilities available within GeoGebra (Group 1, line 109) 

	An increase in familiarity with the system may reduce cycling. 

	In addition to our analytical findings, each of the groups had recommendations for ways to improve the technology and the process of group math problem solving in the VMT-with-GeoGebra environment. These ranged from calls for an undo option to hopes for a primer or tutorial to alleviate some of the early technological issues. In Group 2, one individual thought they missed a tutorial because of difficulty with the system: 

	Was there a tutorial on GeoGebra that we were supposed to read first? (Group 2, line 91)

	The ability for individuals to get exposure to the core functionality of the GeoGebra environment may allow for more comfort with the tool, which may facilitate better math discourse between the group members and make the GeoGebra tool more transparent.

	
		Curriculum Design Criteria



	In response to the analysis of the GeoGebra use sessions, we drafted a set of dynamic-geometry curricular activities, interspersed with tutorials of the technology features. Curriculum activities were designed to promote collaborative learning, particularly as exhibited in significant mathematical discourse about geometry. Collaborative learning involves a subtle interplay of processes at the individual, small-group, and classroom levels of engagement, cognition and reflection. Accordingly, the activities are structured with sections for individual work, small-group collaboration and whole-class discussion. It is hoped that this mixture will enhance motivation, extend attention and spread understanding.

	The curriculum is designed to provide a systematic pathway to skills in a number of dimensions simultaneously. It is hoped that building up the required skill sets systematically, without assuming many skills initially, may avoid the math anxiety that students feel when they get stuck. In addition, the collaborative approach allows students to support each other, filling in for each other’s deficits. 

	The goal of the set of activities is to improve skills in collaborative and mathematical discourse, in exploring dependencies, in geometric construction, in analytic explanation and in domain content for math teachers and students:

	
		To engage in significant mathematical discourse; to collaborate on and discuss mathematical activities in supportive small online groups.

		To collaboratively explore mathematical phenomena; to make mathematical phenomena visual in multiple representations; and to vary their parameters through dynamic dragging.

		To construct mathematical diagrams—demonstrating a practical understanding of their structure.

		To design dependencies in geometric figures to establish desired relationships.

		To notice, wonder about and form conjectures about mathematical relationships; to justify, explain and prove mathematical findings.

		To understand core concepts, relationships, theorems and constructions of basic high-school geometry.



	The working hypothesis of the Project is that these goals can be furthered through activities that specify an effective combination of:

	
		Collaborative experiences in mathematical activities with guidance in collaborative, mathematical, and accountable geometric discourse.

		Exploring (e.g., by dragging) dynamic-mathematical diagrams and multiple representations.

		Constructing geometric figures.

		Designing dependencies in dynamic-mathematical constructions.

		Explaining conjectures, justifications, and proofs.

		Engagement in well-designed activities around basic high-school geometry content.



	In other words, the activities seek a productive synthesis of the six areas of: communication, exploration, visualization, design, and mathematical skills applied in the domain of beginning geometry. They operationalize “deep conceptual learning” of mathematics in terms of these measurable outcomes: 

	
		The quality and quantity of significant mathematical discourse in collaborative interactions.

		Involvement in group explorations of mathematical objects and representations, including noticing and wondering.

		Effective constructions of mathematical objects with specified characteristics.

		Establishment of robust dynamic dependencies among geometric objects.

		Articulation of explanations, justifications and proofs of conjectures.

		Engagement with geometric notions of congruence, symmetry, dependencies, relationships, transformations, and deduction.



	The set of activities is designed to provide a hands-on educational experience in basic geometry to math teachers and students, taking them from a possibly novice level to a more skilled level, from which they can proceed more effectively without such designed, scaffolded activities. By providing activities on different levels for each of the dimensions, we hope to help math teachers and students to increase their relevant skills – in different ways for different people. 

	Our focus has centered increasingly on facilitating and supporting lessons involving geometric dependencies. GeoGebra allows one to construct systems of inter-dependent geometric objects. Students have to learn how to think in terms of these dependencies. They can learn through visualizations, manipulations, constructions, and verbal articulations. These can all be modeled and these skills can be developed gradually; our pilot study indicates that for successful math discourse to be achieved, supporting these skills must be an explicit priority of the socio-technical system.

	Our design work is guided by socio-technical implications of continuing pilot studies as the technology and pedagogy of our project co-evolve. We are countering the problems that caused negative cycling of technical and cognitive distractions by improving the software and testing the curriculum. The curriculum integrates tutorials about using the VMT and GeoGebra interfaces with carefully structured sequences of dynamic-geometry activities for virtual math teams. The activities systematically build up the background knowledge, group practices, and problem-solving orientation needed for engaging in significant mathematical discourse.

	The set of activities should gradually increase student skill levels in each of these dimensions. The design starts out assuming relatively low skill levels and gradually increases the level of skill expected. For instance:

	
		The discourse begins with having students greet each other online and then negotiate about who will do what, when in the online environment. Students are then asked to comment on their noticings and wonderings. Later, they are to make conjectures. Finally, they are expected to explain things to each other, make sure that everyone understands, and produce presentations of group findings. Practices developed in collaborative work eventually contribute to individual skills.

		The exploration begins with being introduced to software widgets and tools. It goes on to increasingly complicated geometric drawings. Then, students are expected to construct geometric objects themselves and in small groups. Finally, they are given open-ended scenarios and encouraged to figure out how to explore unknown mathematical territory.

		Construction skills gradually grow from dragging existing objects, to constructing with step-by-step instructions, to figuring out how to construct objects with specific dependencies, to defining their own construction tools, to constructing objects of their own design in open-ended micro-worlds. The skill level progresses from novice to a reasonable command of GeoGebra’s geometry tools. A transition to GeoGebra’s algebra connection (analytic geometry) is provided at the end, opening up GeoGebra’s multiple representations of geometric diagrams, analytic geometry graphs, spreadsheet data, 3-D transformations, and a computer algebra system.

		Dependencies are stressed as a key to understanding dynamic geometry. They frequently provide the goal of a construction, the means to building a relationship or the insight for a proof.

		Proof in geometry is introduced slowly, with a focus on noticing and wondering. This is followed by formulation of text-chat-based explanations and multi-media documentation of findings. The explanations gradually entail increased levels of justification, finally approaching formal proofs, without ever reaching the completely formalized version of two-column proof.

		The geometry content starts by covering most of the activities in Book I of Euclid’s Elements (300 BCE), but translated into and implemented in the computer-supported collaborative-learning medium of multi-user dynamic geometry. It incorporates most of the initial standards for high-school geometry in the new Common Core Standards (2011), including congruence, symmetry, and rigid transformations. The fundamental features of triangles are examined first, and then students are encouraged to explore similar features for quadrilaterals. For instance, students are involved in designing hierarchies of kinds of triangles or quadrilaterals based on alternative representations and dependencies of congruence, symmetry, and rigid transformations. Finally, a sampling of creative objects, micro-worlds, and challenge problems are offered for student-centered exploration.



	There is a theoretical basis for gradually increasing skill levels in terms of both understanding and proof in geometry. Here “understanding” and “proof” are taken in rather broad senses. The van Hiele theory (see deVilliers, 2003, p. 11) specifies several levels in the development of students’ understanding of geometry, including:

	
		Recognition: visual recognition of general appearance (something looks like a triangle).

		Analysis: initial analysis of properties of figures and terminology for describing them.

		Ordering: logical ordering of figures (a square is a kind of rectangle in the quadrilateral hierarchy).

		Deduction: longer sequences of deduction; understanding of the role of axioms, theorems, proof.



	The implication of van Hiele’s theory is that students who are at a given level cannot properly grasp ideas presented at a higher level until they reach that level. Thus, a developmental series of activities pegged to the increasing sequence of levels is necessary to effectively present the content and concepts of geometry, such as, eventually, formal proof. Failure to lead students through this developmental process is likely to cause student feelings of inadequacy and consequent negative attitudes toward geometry.

	Citing various mathematicians, deVilliers (2003) lists several roles and functions of proof, particularly when using dynamic-geometry environments:

	
		Communication: proof as the transmission of mathematical knowledge.

		Explanation: proof as providing insight into why something is true.

		Discovery: proof as the discovery or invention of new results.

		Verification: proof as concerned with the truth of a statement.

		Intellectual challenge: proof as the self-realization/fulfillment derived from constructing a proof.

		Systematization: proof as the organization of various results into a deductive system of axioms, major concepts and theorems.



	In his book, deVilliers suggests that students be introduced to proof by gradually going through this sequence of levels of successively more advanced roles of proof through a series of well-designed activities. In particular, the use of a dynamic-geometry environment can aid in moving students from the early stages of these sequences (recognition and communication) to the advanced levels (deduction and systematization). The use of dragging geometric objects to explore, analyze, and support explanation can begin the developmental process. The design and construction of geometric objects with dependencies to help discover, order and verify relationships can further the process. The construction can initially be highly scaffolded by instructions and collaboration; then students can be guided to reflect upon and discuss the constructed dependencies; finally, they can practice constructing objects with gradually reduced scaffolding. This can bring students to a stage where they are ready for deduction and systematization that builds on their exploratory experiences.

	The set of activities can be used as is, following the given sequence. Alternatively, a classroom instructor, workshop facilitator, or group of learners can select activities and adapt them to local circumstances and interests. Although they build on specific knowledge explained in previous activities, the activities are each self-contained. While they are designed for a small group of learners to progress through them using the VMT-with-GeoGebra collaboration environment, the activities can be adapted for other approaches.

	
		Practices as Resources



	As discussed above in Chapter 8. , the key resources for learning may not be physical artifacts, but can, for instance, be practices. The most important learning outcome may not be the ability to reproduce factual knowledge, but the skill to engage in certain social or domain-specific practices. The Common Core standards include a set of recommended mathematical practices for proficient students. The goals of our curricular design of dynamic-geometry resources align closely with those practices.

	The following set of practices state the main skills that we want to instill. They integrate math and discourse skills. They are specifically oriented to dynamic geometry and its unique strengths:

	
		Visualize: View and analyze constructions of geometric objects and relationships.

		Drag: Explore constructions of geometric objects through manipulation.

		Discourse: Notice, wonder, conjecture, strategize, discuss relationships in constructions, and how to investigate them further.

		Dependencies: Discover and name dependencies among geometric objects in constructions.

		Construction: Construct dependencies among objects, and define custom tools for doing so.

		Argumentation: Build deductive arguments, explain, and prove them in terms of the dependencies.

		Math Accountability: Listen to what others say, solicit their reactions, re-voice their statements, re-state in math terminology and representations.

		Collaboration: Preserve discourse, reflect on it, and organize findings; refine the statement of math knowledge; build knowledge together by building on each other's ideas.



	These practices can be placed in rough isomorphism with the Common Core math practices:

	
		Make sense of problems and persevere in solving them: (b).

		Reason abstractly and quantitatively: (c).

		Construct viable arguments and critique the reasoning of others: (g).

		Model with mathematics: (a).

		Use appropriate tools strategically: (e).

		Attend to precision: (f).

		Look for and make use of structure: (d).

		Look for and express regularity in repeated reasoning: (h).



	It may be possible to organize, present, and motivate our course activities in terms of these practices. Then pedagogy could be discussed in terms of how to promote and scaffold each of these; formative assessment (including group portfolio construction) could also be structured according to these practices.

	The next chapter will illustrate the foregoing principles of design with examples from the current curriculum of dynamic-geometry activities.

	

	Chapter 5. Technology: Deconstructing Geometry



	Chapter Summary

	Dynamic-geometry software applications such as Geometer’s Sketchpad, Cabri, and GeoGebra are described in this chapter as computer-supported environments for exploring an innovative approach to geometry. This approach is characterized in terms of dynamic dragging, dynamic construction, and dynamic dependencies. These characteristics distinguish it from traditional paper-and-pencil geometry in ways that can make visible the human-centered nature of geometry. 

	
		The Origin of Dynamic Geometry



	Dynamic geometry emerged from the potential of personal computers to provide interactive diagramming tools with embedded computational support. The core technology actually considerably predates personal computers with Sutherland’s (1963) SketchPad software, which provided a graphical user interface with an object-oriented draw program before there really were graphical user interfaces, object-oriented programming or draw programs. Video games developed the technology further—and largely drove the personal computer market from its start. 

	In the late 1980s, Nicholas Jackiw, the designer and programmer of Geometer’s Sketchpad, began working with Eugene Klotz on one of the first instances of a dynamic-geometry program at the Visual Geometry Project, a forerunner of the Math Forum (Scher, 2000). At about the same time, Jean-Marie Laborde began Cabri, in France. The developers of Geometer’s Sketchpad and Cabri shared ideas in the mid 1990s. In 2002, Markus Hohenwarter launched GeoGebra as an open-source dynamic-mathematics environment. 

	These programs have subsequently become popular around the world. Although each of the programs has subtle differences in their geometric-construction paradigms and somewhat different functionality, they are fundamentally similar in their affordances for students of geometry. They make geometry dynamic by allowing a person using the system to construct a geometric diagram with labels and then to move the interconnected geometric objects by dragging their points around. As objects are moved, they maintain dependencies that were part of the construction process. This should be clear in the following example.

	
		An Example of Dynamic-Geometry Construction



	In Figure 5-1, we see a construction in which equilateral triangle DEF has been inscribed in equilateral triangle ABC.3 Error! Reference source not found. shows the same construction after point D has been dragged upwards. A user can move Point D by placing the cursor on point D and dragging the point in the construction. However, the movement of point D is constrained by the construction to always remain along line segment AC and to not go past its endpoints. This is characteristic of dynamic geometry. 

	Figure 5-1: Inscribed equilateral triangles. 

	Figure 5-2: Inscribed equilateral triangles after dragging point D.
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	Notice that in addition to point D moving, points E and F also moved when point D was moved. The line segments connecting these points and forming triangle DEF have moved with their endpoints, effectively rotating triangle DEF. This is because of how the inscribed triangles were constructed. They were constructed in a special way in order to preserve the equilateral characteristic of triangle DEF. The larger triangle ABC can also be rotated by dragging one of its vertex points, such as point A or B. No matter how any of the points in the construction are dragged, the other points will move in ways that maintain the equilateral character and inscribed relationship of the triangles.

	By studying Figure 5-1 and Error! Reference source not found., it may be possible to figure out how to construct the triangles so that they will maintain their equilateral character dynamically. We can construct triangle ABC to be equilateral by following Euclid’s first proposition. Starting from an arbitrary line segment AB, we construct a circle centered on point A and going through point B. Then we construct a second circle centered on point B and going through point A. These two circles intersect above and below AB and we mark one of the intersections as point C (see large arcs in Figure 5-3). 
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	Figure 5-3. Constructing the dependencies for inscribed equilateral triangles.

	We then construct triangle ABC, connecting the points. We know that triangle ABC is equilateral because (as Euclid argued) its three sides are equal in length to line segment AB because they are radii of the same circles. If one subsequently drags point A or B, changing the length of AB, then the circles with radius AB will both change, moving point C in precisely the right way to keep ABC always equilateral. We can say that the lengths of AC and BC—and thus the position of point C—are “dependent” upon the length of AB. Consequently, triangle ABC is defined by this dependency. Constructing dependencies is fundamental to dynamic geometry. As in the example we just went through, these dependencies are implicit in Euclidean geometry, but become visible in the construction and manipulation of dynamic geometry.

	 

	Note that sides AC and BC are dynamically dependent upon side AB in the sense that if the length of AB changes, then the lengths of AC and BC will change correspondingly, maintaining the constraint of equality no matter how points are dragged or other changes are made. This goes significantly beyond the static constructions of Euclid, in which AC and BC are only guaranteed to be the same length as AB when AB is the specific length that it has in the drawing. Of course, Euclid’s drawings were intended to be understood as general. Thus, AC and BC were understood to be the same length as AB—no matter what length AB was given to start with. In Euclid, one could only imagine different lengths for AB, but in dynamic geometry, one can actually change the length of AB dynamically and watch how built-in constraints are maintained.

	Having constructed a dynamically equilateral triangle ABC, how do we construct an inscribed dynamically equilateral triangle DEF? That is the challenge of the given problem. We can place points D, E, and F on the three sides of ABC, but they will not be constrained to stay at equal distances from each other. If we try to use Euclid’s Proposition 1, again we run into problems. Say we construct line segment DE (connecting a point D on side AC and a point E on side AB) and then construct circles of radius DE around D and E. The intersection will not fall along line BC. Even if it did happen to fall there, we could not locate point F at the intersection of three lines because that would be over-constrained. (According to Euclid, a point is defined by the intersection of two lines, not by the intersection of three lines.) Also, if the intersection just happened to fall on side BC, it would not stay on there when the figure was dragged.

	We need a different approach. By dragging the triangles in Error! Reference source not found., we might notice that the distance of the vertices of the smaller triangle are always at equal distances from the corresponding vertices of the larger triangle. In other words (or symbols): AE=BF=CD. In fact, if you specify that these three line segments are equal, it is easy to prove by Euclidean methods that the three triangles formed between the two equilateral triangles are all congruent. This ensures that the sides of the inner triangle are equal if the sides of the outer triangle are equal. Thus, if we can impose the constraint that AE=BF=CD, then we can construct a dynamically equilateral triangle DEF inscribed inside of an equilateral triangle ABC.

	Error! Reference source not found. shows how the inscribed triangles are constructed within GeoGebra. Point D is placed on line AC. A circle is constructed with GeoGebra’s compass tool, with center at C and going through D. The circle is moved to be re-centered on point A and point E is constructed where this circle intersects side AB of triangle ABC. The radius of the circle centered on point C and going through point D is the distance CD, so that when it is moved to point A it constrains the distance AE to be equal to CD. The same thing is done to construct point F. This establishes the dependency in the construction that AE=BF=CD. Triangle DEF is then constructed as a dynamically equilateral triangle. 

	In this example, we see how visualization (drawing) and conceptualization (proof) are so intermingled in dynamic geometry. By dragging the construction, you discover how to construct it—and you can then prove why that works. GeoGebra provides tools to explore, to construct, and to impose dependencies on the construction.

	
		Defining Custom Tools



	The toolkit of GeoGebra reflects some of the refinements (reinterpretations) of Euclidean geometry in recent math pedagogy. For instance, it distinguishes as different kinds of objects: “lines” (infinite straight lines passing through two defining points), “segments” (finite line segments terminated at the two endpoints that define them), and “rays” (infinite lines starting at one endpoint and passing through a second defining point). Euclid called these all “straight lines.” GeoGebra also provides a “compass” tool (used in Figure 5-3). This is based on the idea that Euclid used a straightedge and compass for his drawing and that one can fix the opening of a compass and draw circles with the same radius by locating the compass at different centers. However, Euclid does not do this in his proofs. After showing how to make equal-length line segments using a circle to construct an equilateral triangle in his first proposition, Euclid dedicates his second proposition to demonstrating how to copy a length from one line to another given point. Figure 5-4 (left) shows how to do this using GeoGebra, following Euclid’s procedure. In this way, all of Euclid’s constructions are built up from the basic principle that all radii of a circle are equal.

	In Figure 5-4, the length of segment AB is copied to ray CD using the dozen steps of Euclid’s Proposition 2 (detailed below). Then a custom tool is created to automate this process, much as the compass tool does. In addition, a custom tool is created to automate the construction of an equilateral triangle Figure 5-4  upper right). The construction is then recreated using the new custom tools: the base of the larger triangle is defined by two points, L and M, to which the new custom triangle tool adds point N. An arbitrary point O is next provided on LN as a vertex of the inner triangle. Using the new custom copy tool, the length of NO is copied onto LM, defining P, and the length of LP is copied onto MN, defining Q (Figure 5-4 lower right). Triangle OPQ, inscribed in LMN, is equilateral and can be dragged without losing its equilateral character.

	

	Figure 5-4: (Left) Copying a length, AB, from segment AB to segment CH on ray CD. (Upper right) Identifying the third vertex for an equilateral triangle IJK. (Lower right) Duplicating Error! Reference source not found. with the use of custom tools. 

	[image: Image]

	 

	Copying a segment length

	Here is how segment AB was originally copied onto ray CD, using the procedure in Euclid’s second proposition plus an extra circle to align the length along the ray: 

	The goal is to place at a given point along a given line a straight line equal to a given straight line.

	Let C be the given point on ray CD, and AB the given straight line (Figure 5-4). Thus it is required to place on ray CD starting at C a segment equal in length to segment AB. Let the equilateral triangle ACE be constructed on AC (using the construction procedure of Proposition 1). Let ray EA and ray EC be produced, extending out from the triangle. Let a circle centered on A and through B be produced, with point F at the intersection with ray EA. Again, let a circle centered on E and through F be produced, with point G at the intersection with ray EC. As Proposition 2 argues, EF=EG and EA=EC, so CG=AF; but AB=AF, so CG=AB and the length AB has been copied to point C. Now let a circle be produced with center C going through G and let point H be at the intersection of this circle and ray CD. 

	Then, CH=CG, so also CH=AB and the length AB had been copied to segment CH along ray CD.

	This illustrates how the tools of construction in dynamic geometry are intimately related to the procedures in Euclid’s proofs. Once a valid construction procedure has been proven, one can define a tool to encompass that procedure, such as GeoGebra’s compass tool for copying a line length in accordance with Proposition 2. Gradually, one can expand the construction toolkit with new custom tools—paralleling the way propositions build on one another systematically in Euclid’s Elements. GeoGebra provides a toolkit of dozens of tools, which can be derived from straightedge and compass constructions in accordance with Euclid’s propositions. Users can define their own versions of these or build further upon them. Once a student understands how a construction guarantees the relevant dependencies (such as that the length of CH is dependent on the length of AB), it is practical for the student to use a tool that conveniently automates that construction (copying a line segment).

	
		Dynamic Dragging



	Dynamic geometry differs from previous presentations of geometry in at least three significant features: dynamic dragging, dynamic construction, and dynamic dependencies.

	The ability to drag points is the most immediately striking characteristic of dynamic geometry. Most academic research on dynamic geometry has focused on this feature. Most classroom usage of dynamic geometry also centers on this feature, providing students with pre-constructed dynamic diagrams and encouraging them to explore the diagrams by dragging points.

	Previous media for diagrams have not allowed one to vary the figures except in imagination. Papyrus, clay tablets, parchment, books, pencil on paper, and chalk-on-blackboard were not interactive media. The most one could do was to stare at the fixed diagram and imagine moving points or lines to vary the configuration. This meant that one rough graphical representation might have to illustrate infinite possible variations. For instance, a proof concerning equilateral triangles might apply to equilateral triangles of all sizes, rotated at all possible angles, while the illustrative diagram itself had a fixed size and inclination.

	Dynamic dragging changes the nature of geometry. In Euclid, a point is a fixed location. In dynamic geometry, a point is at a location, but can always be dragged to an infinity of different locations, depending upon whether it is constrained or dependent. This creates three classes of points: those that are completely free to move, those constrained to stay on a line (segment, circle, etc.), and those dependent on an intersection and not able to be dragged directly (but moved in response to the movement of other geometric objects based on dependency relations). The ability to drag points dynamically has fundamental implications throughout the mathematical system of dynamic geometry. Dragging shows its relevance to construction in the importance of the “drag test.” It affects the methods of proof by emphasizing the use of superposition and spatial transformations. Even the definitions of geometric objects have to be defined differently since, for instance, a scalene triangle can be dragged into appearing like an isosceles or equilateral triangle.

	In the preceding example (Figure 5-1), for instance, it would have been hard to know important features of the diagram without being able to drag the vertices of the two triangles. Through dragging point A, one can easily and naturally discover that the two triangles remain equilateral and inscribed as the size and orientation of the larger triangle is varied over arbitrary ranges (but DF is not necessarily parallel to AB and D is not a midpoint of AC). Through dragging point D, one discovers as well that the inner triangle can remain equilateral and inscribed with point D anywhere along AC, including at the endpoints. One may also notice that the area of triangle DEF varies continuously from a minimum when point D is centered on side AC to an area equal to that of triangle ABC when point D is at an endpoint of AC. Significantly for the example, one may notice while dragging point D that AE=BF=CD remains true.

	With fixed diagrams, it took a certain “professional vision” (Goodwin, 1994) of mathematicians to see important mathematical relationships in diagrams. Certain features of geometric configurations are visible even in fixed diagrams. For instance, it is visibly apparent in the drawing of ABC in Figure 5-3 that the circles centered on A and B of radius AB actually do intersect (at some point C). Whether this remains true for any configuration of A and B may be ascertained by staring at the diagram and imagining different locations for A and B. Dragging makes relationships easier to see—providing a way to train students to see like mathematicians. 

	Dragging makes relationships easier to see—providing a way to train students to see like mathematicians.

	Another traditional skill of mathematicians is to design a diagram to be effective for a given proof. For instance, Figure 5-1 illustrates a proposition: that an equilateral triangle can be inscribed in another equilateral triangle. However, it illustrates a special case, which might not generalize: the base AB is roughly horizontal and the point D is roughly at the midpoint of AC. Error! Reference source not found. may represent the general case better. It also makes more salient the fact that AE=BF=CD. An experienced mathematician might decide to use the later diagram. However, in dynamic geometry, one can start with either and then drag it into the other. The ability to drag offsets the need for the traditional skill of carefully designing illustrative diagrams. It makes it easy for students to drag a figure to explore what special cases exist and what relationships seem to persist in general as specifics change. It is no longer crucial to select a “representative” case since an arbitrary view can be dragged through whole ranges of possible variations.

	Of course, it is possible that students will not drag a construction into every possible case or even that a given dynamic construction cannot be dragged into every case covered by a specific proposition. However, dragging can provide the mediated experience of apprenticeship in geometry that can lead to the ability to conduct what Husserl (1929/1960) called “eidetic variation” in one’s imagination to reveal constants under change. Having engaged in dynamic-geometry experiences of variation through dragging, students may subsequently internalize this visualization into variation in their imagination.

	Dragging also gives students a hands-on, visceral sense of the constraints and characteristics of a geometric diagram. It enhances the bodily involvement of the interaction between person and diagram in which “creative discovery” can take place (Merleau-Ponty, 1955). Perhaps this will be even further heightened when tablet computers fill the role that clay tablets originally played. Exploration through dragging is intertwined with the possibilities of construction. As a student learns to initiate various kinds of constructions, she starts to see new possibilities for dragging, for seeing constraints and patterns and possibilities. As her body is extended by the computer interface into the digital world, she gains a sense of how to move within that world, to live and perceive in a dynamic-geometry world (Merleau-Ponty, 1961/1964). Then, as the student starts to look at the dynamic environment through the eyes of a designer of structural dependencies, she can see constraining relationships at work, as well as interesting potential transformations of them. Such embodied, skilled vision produces targets or hunches (informal conjectures) to explore through purposeful dragging.

	
		Dynamic Construction



	Previous media for diagrams not only limited variation, they required the diagrams to be completely constructed prior to the presentation of the proof. Thus, where Euclid’s Proposition 2 begins in the English translation, “Let A be the given point” (Euclid, 300 BCE/2002, p. 3), this is actually stated in the original Greek in the perfect imperative (as already having been done): “Let the point A have been taken” (Netz, 1999, p. 25). The proof then proceeds to point to the already existing diagram and to describe the relationships within it. The text often relies on the pre-existence of the diagram for its sense. As an example, after Euclid specifies line AB in Proposition 1, he says, “With center A and distance AB let the circle BCD be described” (Euclid, 300 BCE/2002, p. 3). Point B has been defined as an endpoint of line AB and point D is simply an unspecified point anywhere on the new circle. But point C cannot be defined in the text until another circle is described, which intersects the first circle at point C, thereby specifying point C. It is only because the whole diagram already exists and includes point C that the text of the proof can use the label C as part of the designation of the first circle.

	As Netz (1999) documents with numerous examples, Euclid’s texts often rely upon the pre-existing diagrams for their sense. On the other hand, the diagrams rely on the texts for their interpretation. Text and diagram are mutually determinative, with the labels of points relating the two. Dynamic geometry overcomes the necessity of completing one before the other. The diagram can be constructed in parallel with the unfolding of the textual argument—at least in a live presentation. (In this printed document, we are limited to viewing static screenshots interspersed in the text.)

	Livingston (1999) analyzes in detail the significant difference between how a conjecture is explored and how its proof is presented. One must first discover an interesting relationship and then piece together an argument. This usually proceeds through exploration, with its trials, deadends and backtracking. The final presentation is then orchestrated as a logical deduction, straight from givens to conclusion with the minimum necessary steps. The conclusion is presented as though it necessarily always existed—rather like the refined diagram that pre-existed the proof.

	The past perfect tense has always characterized mathematics. Even as new objects were created in history—conics, irrational numbers, logarithms, infinitesimals, imaginary numbers, hyper-spheres—they were always taken as having always already existed. They were not treated as newly created human artifacts, designed for their interesting properties, but as discovered ideal objects in an otherworldly realm of mathematical objects (Lakoff & Núñez, 2000). Whether or not this view motivated Plato’s theory of Forms, subsequent mathematics generally adopted a Neo-Platonic attitude, obscuring the important role of exploration and invention in the practice of mathematics.

	Dynamic geometry can reverse this obfuscation. Students can now construct diagrams as an integral part of their exploration of geometric relationships. Using the construction tools of dynamic geometry, students can explore mathematical conjectures through trial constructions. The bureaucratic format that Euclidean proofs have evolved into can be replaced with active exploration, which does not assume the diagram is complete beforehand, treats mathematical objects as human artifacts designed to have interesting features, leads to moments of aporia and breakthroughs of insight as deduction unfolds as a creative form of discovery. 

	The ability to construct dynamic diagrams that present intriguing puzzles—which support exploring conjectures and which illustrate proofs—is itself a subtle skill, a skill that must be learned through instruction, apprenticeship and practice. This skill can be developed as part of the process of learning geometry content. For instance, the geometric objects like points, lines, circles and triangles are also graphical objects in dynamic-geometry environments; students can learn the characteristics of the objects by constructing and dragging the graphics. In fact, much of Euclid’s Elements can be read as instruction in construction: 

	
		Proposition 1, how to construct an equilateral triangle; 

		Proposition 2, how to copy a line segment of a given length to another position; 

		Proposition 3, to measure off the length of a shorter segment along a longer one; 

		Proposition 9, to bisect an angle; 

		Proposition 10, to bisect a line segment; 

		Proposition 11, to construct a perpendicular to a line at a point on it; 

		Proposition 12, to construct a perpendicular to a line from a point not on it; etc. 



	The art of construction has always been central to geometry, although it has not always been stressed as a creative skill.

	
		Dynamic Dependencies



	The key to constructing for exploration is the construction of dependencies. This is another potential implicit in Euclid, but not adequately recognized, acknowledged or researched.

	As we have seen, the construction in Proposition 1 demonstrates how to build in the dependency that defines an equilateral triangle: that its three sides must be of equal length. Given an initial side AB, Euclid adds circles centered on points A and B, each of radius AB. He then labels an intersection of the two circles as point C, the third vertex of the constructed equilateral triangle, ABC. The lengths of the new sides AC and BC are dependent upon the length of side AB because they are radii of circles of which AB is a radius—and all radii of a given circle are the same length by definition of a circle. In a fixed drawing, we might just say that AC and BC have been constructed to be the same numeric length as AB. However, in a dynamic construction, one can drag point A or point B and change the length of AB. If the dependency has been properly constructed, then point C will move in response to the movement of point A or point B precisely the right way to maintain the equality of all three sides. The lengths of AC and BC are dependent upon the length of AB—however that may change under dragging—and not just on its current numeric value. 

	This role of dragging in dynamic geometry leads to the important “drag test.” When someone constructs part of a drawing incorporating a constraint, they should then drag the involved parts of the drawing to make sure that the intended constraint is maintained. For instance, in constructing the equilateral triangle, they may find out that point C fails to stay on both circles when point A or B is dragged, thus revealing a fault in the construction. The drag test unites dragging, construction, and dependencies by putting dragging at the service of checking a construction to make sure that the intended dependencies are maintained dynamically.

	The dynamic diagram in Figure 5-1 was constructed in such a way that it remained a diagram of two inscribed equilateral triangles no matter how any of its points were dragged. The dependencies included that AB=AC=BC; that points D, E and F remain on segments AC, AB and BC, respectively; as well as that AE=BF=CD. The defined dependencies ensure that the two triangles remain inscribed and both equilateral under any change in size or rotation of either triangle or the dragging of any point. Note that there is no direct specification that DE=DF=EF, although the fact that the interior triangle remains equilateral is an indirect dependency of the construction

	It is possible to have a computer whiteboard similar to Sutherland’s (1963) original SketchPad in which lines and points can be drawn as movable objects. One can draw an equilateral triangle on such a whiteboard by placing three lines of equal length meeting at their endpoints. However, if one then drags a vertex, the triangle falls apart entirely, loses its equilateral characteristic, or fails to re-size. 

	A dynamic-geometry environment must implement computational mechanisms behind the scenes to both maintain the desired dependencies and at the same time to allow permitted manipulations. In fact, the first thing the environment does is to keep track of: 

	
		Which objects are independent and can be dragged freely (like A and B); 

		Which are constrained and can only be dragged in limited ways (like D); 

		And which are dependent, cannot be dragged directly at all, but just move in response to the other points on which they are dependent (like C, E and F). 



	It requires very special software to support dynamic geometry. The dynamic-geometry applications we have today—such as Geometer’s Sketchpad, Cabri, or GeoGebra—were carefully designed to maintain arbitrarily complex geometric dependencies while making the user experience seem extremely natural. This is the hidden power of dynamic geometry. Once one gets used to the paradigm of dynamic geometry and thinks in terms of constructing dependencies, everything automatically works the way that one would expect it to. The user does not have to worry about the hidden software mechanisms.

	Dependencies lie at the heart of Euclid’s geometry, but they have been largely buried in the traditional understanding of geometry. This is a philosophic issue. Heidegger might say that the being of the geometric objects was concealed through the Greek and then the Roman and then the German and then the English and then the American way of caring for and speaking about the objects and their dependencies.

	The traditional understanding of geometry that has been passed down from the Greeks through its subsequent translations, reinterpretations, and refinements over the centuries confuses the causality of dependency and proof. Consider the diagram of inscribed equilateral triangles (Error! Reference source not found.). One could start with equilateral triangle ABC in the completed diagram and specify that AE=BF=CD. Then one could prove that triangle DEF must be equilateral through a logical deduction, perhaps including an argument about the three small triangles outside of DEF being congruent. This would establish the truth of the equilateral nature of DEF. That is the traditional perspective. Euclid’s proofs are commonly conceived of as such discoveries of existing truths in the realm of Platonic ideas. Euclid’s Elements are now read as building up an axiomatic system for proving these truths. 

	However, this reverses the causality. For, if we have constructed DEF by using the constraint that AE=BF=CD, then we already know that we imposed this constraint in order to construct an inscribed triangle that would be equilateral. It is not a matter of discovering some mysterious otherworldly truth; it is a matter of having intentionally built in the character of equal side lengths into our construction of DEF. It is not a matter of a formal logical deduction, which unfolds with necessary truth. The drawing of equal circles at A, B and C is not originally a means for proving that the sides of an equilateral triangle have “always already been” equal; the circles are part of the construction of the dependency that itself ensures that the sides will be and will remain equal. 

	The truth of the proof was built in by the construction. It was hard to see this the way that geometry has been conceptualized throughout history, but easy to see in dynamic geometry if one focuses on the construction of the dependencies as an active, creative, inquiry process. We built in the dependency as we constructed the diagram: that is why the triangles are equilateral! Taking the diagram as already given before the proof is presented, combined with the traditional assumptions about the nature of geometric objects as divorced from human activity, hides what has transpired. Experience with dynamic geometry—including dragging, constructing, and designing dependencies—exposes the creation of objects, diagrams and relationships by people.

	Shockingly, the mathematics and education literature on dynamic math has scarcely mentioned this central role of designed dependencies—and of the ability to construct dependencies in dynamic geometry. Although dependencies lie at the heart of proof and although dynamic-geometry software is explicitly built on the maintenance of dependencies, very few research publications discuss the role of dependencies in dynamic geometry, none in depth. In particular, they do not discuss the relationship of dependencies to proof. This is a symptom of the extent to which the nature of geometry has been obscured. 

	Few research publications discuss the role of dependencies in dynamic geometry… especially the relationship of dependencies to proof.  This is a symptom of the extent to which the nature of geometry has been obscured.

	In a typical geometry proof, recognition of the central underlying dependency is the key potential insight into why the proof works—the door to the “aha moment.” The diagram illustrates some relationship not because of a mysterious otherworldly truth, but because the diagram was constructed with dependencies that built in that relationship. If students learn to think in terms of dependencies, to construct diagrams around dependencies and to search for dependencies, then geometry might be a lot more exciting and meaningful. The students might consider themselves more successful as mathematical thinkers.

	While most classroom use of dynamic geometry today merely uses it as a visualization tool, to allow students to drag existing diagrams around, the technology has a greater power: to empower students to construct their own diagrams, to build their own dependencies into the objects and even to fashion their own dynamic construction tools. Then they can read Euclid’s Elements as a guide to designing and constructing interesting objects and tools, rather than as an old-fashioned compendium of irrelevant truths to be memorized. Geometry can become an exciting design challenge, in which one creates innovative mathematical objects and imposes interesting dependencies through thoughtful construction. 
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