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	 The masculine pronoun is used here to refer to people of all genders, in keeping with traditional English grammar and philosophic usage.
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Notes on the Investigations

	Introduction

	Written for this volume in 2018.

	Investigation 1

	Written for this volume in 2018.

	Investigation 2

	Written for this volume in 2018, with ideas and excerpts from the following ijCSCL editorial introductions:

	
		Conceptualizing the intersubjective group (Stahl, 2015b)

		Ethnomethodologically informed (Stahl, 2012b)

		Cognizing mediating: Unpacking the entanglement of artifacts with collective minds (Stahl, 2012a)

		Traversing planes of learning (Stahl, 2012c)

		Learning across levels (Stahl, 2013)



	Investigation 3

	 Reprint of (Jones, Dirckinck-Holmfeld & Lindstrom, 2006).

	Investigation 4

	Reprint of (Suthers, 2006).

	Investigation 5

	Reprint of (Zemel & Koschmann, 2013).

	Investigation 6

	Reprint of (Overdijk, van Diggelen, Andriessen & Kirschner, 2014).

	Investigation 7

	Reprint of (Ritella & Hakkarainen, 2012).

	Investigation 8

	Reprint of (Stahl, 2008).

	Investigation 9

	Reprint of (Öner, 2016).

	Investigation 10

	Reprint of (Reimann, 2009).

	Investigation 11

	Reprint of (Damsa, 2014).

	Investigation 12

	Reprint of (Çakir, Zemel & Stahl, 2009).

	Investigation 13

	Reprint of (Looi, So, Toh & Chen, 2011).

	Investigation 14

	Reprint of (Chan, 2011).

	Investigation 15

	Edited and extended version of (Stahl, 2016b).

	Investigation 16

	Edited and extended version of (Stahl, 2017). 

	Thanks to everyone who participated in the VMT project and who collaborated on the analysis of its data. Also, to the anonymous reviewers of the original article, who prompted me to elaborate several aspects and implications of this view of CSCL.

	Investigation 17

	Edited and extended version of (Stahl, Zhou, Çakir & Sarmiento-Klapper, 2011).

	Investigation 18

	Edited and extended version of (Stahl, 2016a).

	Investigation 19

	Edited and extended version of constitution (Stahl, 2014).

	Investigation 20

	Edited and extended version of (Stahl, 2005).

	Investigation 21

	Edited and extended version of (Stahl, 2015a).

	Investigation 22

	Edited and extended version of (Stahl, 2006a).

	Investigation 23

	Edited and extended version of (Stahl, 2006b) and (Stahl, 2011a). 

	An earlier version of the first part of this paper won a Best Paper Award at ICCE 2005 in Singapore (Stahl, 2005). The Virtual Math Teams Project is a collaborative effort at Drexel University. The Principal Investigators are Gerry Stahl, Stephen Weimar and Wesley Shumar. A number of Math Forum staff work on the project, especially Stephen Weimar, Annie Fetter and Ian Underwood. The graduate research assistants are Murat Cakir, Johann Sarmiento, Ramon Toledo and Nan Zhou. Alan Zemel is the post-doc; he facilitates weekly conversation analysis data sessions. The following visiting researchers have spent 3 to 6 months on the project: Jan-Willem Strijbos (Netherlands), Fatos Xhafa (Spain), Stefan Trausan-Matu (Romania), Martin Wessner (Germany), Elizabeth Charles (Canada). The VMT-Chat software was developed in collaboration with Martin Wessner, Martin Mühlpfordt and colleagues at the Fraunhofer Institute IPSI in Darmstadt, Germany. The VMT project is supported by grants from the NSDL, IERI and SoL programs of the US National Science Foundation. 

	Investigation 24

	Edited and extended version of (Stahl, 2011c).

	Investigation 25

	Edited and extended version of (Stahl, 2011b).
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Investigation 23. Sustaining Interaction in a CSCL Environment

	Gerry Stahl

	Abstract. Learning takes place over long periods of time that are hard to study directly. Even the learning experience involved in solving a single challenging math problem in a collaborative online setting can be spread across hundreds of brief postings during an hour or more. Such long-term interactions are constructed out of posting-level interactions, such as the strategic proposing of a next step. This Investigation identifies a pattern of exchange of postings that it terms math-proposal adjacency pair and describes its characteristics. Drawing on the methodology of conversation analysis, the Investigation adapts this approach to examining mathematical problem-solving communication and to the computer-mediated circumstances of online chat. Math proposals and other interaction methods constitute the collaborative group as a working group, give direction to its problem solving, and help to sustain its intersubjective meaning making or group cognition. Groups sustain their online social and intellectual work by building up longer sequences of math proposals, other adjacency pairs and a variety of interaction methods. Experiences of collaboration and products of group cognition emerge over time.

	Keywords. Longer sequences, math-proposal adjacency pair, failed proposal, design-based research, sustaining interaction.

	Sustaining Interaction in a CSCL Environment 

	Research in learning has traditionally focused on psychological processes at the individual unit of analysis. With the shift to socio-cultural approaches in recent years, the community unit of analysis came to the fore. In my writings on group cognition, I identified small groups as defining a middle ground between individual people and communities of practice:

	Small groups are the engines of knowledge building. The knowing that groups build up in manifold forms is what becomes internalized by their members as individual learning and externalized in their communities as certifiable knowledge. At least, that is a central premise of this book. (Stahl, 2006b, p. 16)

	The concept of group cognition, however, retains a certain ambiguity of scale. On the micro level, it is based on the discovery by conversation analysis that a smallest element of interaction in discourse is the adjacency pair, a product of interaction within a dyad or small group, and not an expression of one or more individuals’ cognition (Duranti, 1998; Schegloff, 1991). On the macro level, it is a vision of collaborative knowledge building, where knowledge arises through community, interpersonal or social interaction (Scardamalia & Bereiter, 1996; Vygotsky, 1930/1978; Lave & Wenger, 1991, respectively). Taking one approach or the other, we can analyze how participants in a small group of students build a detailed point of shared knowledge, how they develop their mediated cognition or how they apprentice participation in the community of math discourse. The question remains: how can we understand not just the results, but also what happens in the group at the interesting meso level of the small group itself during a one-hour math chat consisting of many detailed interactions but perhaps not measurably increasing the group’s knowledge, skills or community participation? 

	This Investigation tries to address the gap in the methodology of the learning sciences in a preliminary way. It begins with a detailed analysis of a particular interaction that actually occurred in a student chat. It then gradually broadens the discussion of online math chat sessions, discussing various aspects of how the elemental adjacency pairs in such a momentary interaction contribute to a sustained group experience over a somewhat longer period of time. The presentation proceeds through these steps:

	
		The setting of online math chats, which provide the experimental context for our observations, is first motivated and described.

		The concept of adjacency pairs from conversation analysis is adapted to the situation of online math chats and is particularized as “math-proposal adjacency pairs.”

		A specific adjacency pair is analyzed as a “failed proposal,” which by contrast sheds light on the nature of successful proposals.

		We then describe our design-based research approach in which we revise our software and pedagogy in response to issues observed during a sequence of evolving trials.

		Next, we look at a more extended interaction that occurred in our revised chat environment, involving methods of computer-supported deictic referencing that build from adjacency pairs to longer sequences of cognitive work.

		To extrapolate beyond one or two detailed interactions and analyze more extended sessions with some generality would require volumes of exposition. We therefore rely on our other studies, our general impressions from observing and participating in many online math chats, and from related work by others to discuss a number of relevant aspects of sustained group cognition.

		We conclude with reflections on how groups construct and sustain their on-going sense of shared experience. This points to future work.



	Doing mathematics together online

	Technology-enhanced learning offers many opportunities for innovation in education. One of the major avenues is by supporting the building of collaborative meaning and knowledge (Stahl, 2006b). For instance, it is now possible for students around the world to work together on challenging math problems. Through online discussion, they can share problem-solving experiences and gain fluency in communicating mathematically. Research on mathematics education stresses the importance of student discourse about math (NCTM, 2000; Sfard, 2002), something that many students do not have opportunities to practice face-to-face.

	While much research on computer-supported collaborative learning (CSCL) has analyzed the use of asynchronous threaded discussion forums, there has been relatively little research on the use of synchronous chat environments in education. The research reported here suggests that chat has great promise as a medium for collaborative learning if the medium and its use are carefully configured. Here, we investigate how math discourse takes place within the chat medium and how we use our analyses to inform the design of effective math chat environments.

	In the beginning of the Virtual Math Teams (VMT) research project at the Math Forum, we invited middle-school students to participate in online chats about interesting problems in beginning algebra and geometry. The following math problem, discussed in the chat excerpt analyzed below, is typical:

	If two equilateral triangles have edge-lengths of 9 cubits and 12 cubits, what is the edge-length of the equilateral triangle whose area is equal to the sum of the areas of the other two?

	We rely on a variety of approaches from the learning sciences to guide our research and to analyze the results of our trials, including coding along multiple dimensions (Strijbos & Stahl, 2005), analysis of threading (Cakir et al., 2005) and ethnography (Shumar, 2006). In particular, we have developed an ethnomethodologically informed (Garfinkel, 1967; Heritage, 1984) chat analysis approach based on conversation analysis (Pomerantz & Fehr, 1991; Psathas, 1995; Sacks, 1992; Sacks, Schegloff, & Jefferson, 1974; ten Have, 1999) to understand the structure of interactions that take place in student chats. In this paper, we adapt a finding of conversation analysis to math chats and analyze a specific form of adjacency pairs that seem to be important for this context. Before presenting these findings, it may be useful to describe briefly how the notion of adjacency pairs differs from naïve conceptions of conversation.

	There is a widespread commonsense or folk-theory (Bereiter, 2002; Dennett, 1991) view of conversation as the exchange or transmission of propositions. This view was refined and formalized by logicians and cognitive scientists as involving verbal “expression” in meaningful statements by individuals, based on their internal mental representations (Shannon & Weaver, 1949). Speech served to transfer meanings from the mind of a speaker to the mind of a listener, who then interpreted the expressed message. Following Wittgenstein (1953) in critiquing this view, speech act theory (Austin, 1952; Searle, 1969) argued that the utterances spoken by individuals were ways of acting in the world and were meaningful in terms of what they accomplished through their use and effects. Of course, the expression, transmission and interpretation of meaning by individuals can be problematic, and people frequently have to do some interactional work in order to re-establish a shared understanding. The construction of common ground has been seen as the attempt to coordinate agreement between individual understandings (Clark & Brennan, 1991). 

	Conversation analysis takes a different view of conversation. It looks at how interactional mechanisms, like the use of adjacency pairs, co-construct inter-subjectivity. 

	Adjacency pairs are common sequences of utterances by different people—such as mutual greetings or question/answer interchanges—that form a meaningful speech act spanning multiple utterances, which cannot be attributed to an individual or to the expression of already formed mental states. They achieve meaning in their very interaction.

	We are interested in what kinds of adjacency pairs are typical for math chats. The topic of adjacency pairs is taken up extensively in two sections below. Stahl (2006b) further discusses the implications that viewing adjacency pairs as the smallest elements of interactional meaning making has for the intersubjective foundation of group cognition, a process of jointly constructing meaning in discourse.

	The medium of online chat has its own peculiarities (Lonchamp, 2006; Mühlpfordt & Wessner, 2005; O’Neill & Martin, 2003). Most importantly, it is a text-based medium, where interaction takes place by the sequential response of brief texts to each other (Livingston, 1995; Zemel, 2005). As a quasi-synchronous medium (Garcia & Jacobs, 1999), chat causes confusion because several people can be typing at once and their texts can appear in an order that obscures to whom or to what they are responding. Furthermore, under time pressure to submit their texts so that they will appear near the post to which they are responding, some chat participants break their messages into several short texts. Because of these peculiarities of chat, it is necessary for researchers to carefully reconstruct the implicit threading of texts that respond to each other before attempting to interpret the flow of interaction (Cakir et al., 2005; Strijbos & Stahl, 2005).

	Math chats differ from ordinary informal conversation in a number of additional ways. They are focused on the task of solving a specific problem, and they take place within a somewhat formal institutional setting. They involve the doing of mathematics (Livingston, 1986). And, of course, they are computer-mediated rather than face-to-face. The approach of conversation analysis is based on ethnomethodology (Garfinkel, 1967), which involves the study of the methods that people use to accomplish what they are doing. So, we are interested in working out the methods that are used by students in online math chats. In this paper, we discuss a particular method of collaboration in math chats that we have elsewhere called exploratory participation: participants engage each other in the conjoint discovery and production of both the problem and possible solutions (Wegerif, 2006; Zemel, Xhafa, & Stahl, 2005). 

	Math-proposal adjacency pairs

	In order to begin to analyze the methods that students use in math chats, we take a close look at an excerpt from an actual chat. Log 1 shows an excerpt from near the beginning of the log of one of our first online collaborative math problem-solving sessions. Three students—named Avr, Sup and Pin—have just entered the chat room, said hello to each other and read the problem involving three triangles. 

	1. Avr (8:21:46 PM): Okay, I think we should start with the formula for the area of a triangle

	2. Sup (8:22:17 PM): ok

	3. Avr (8:22:28 PM): A = 1/2bh

	4. Avr (8:22:31 PM): I believe

	5. pin (8:22:35 PM): yes

	6. pin (8:22:37 PM): i concue

	7. pin (8:22:39 PM): concur*

	8. Avr (8:22:42 PM): then find the area of each triangle

	9. Avr (8:22:54 PM): oh, wait

	10. Sup (8:23:03 PM): the base and heigth are 9 and 12 right?

	11. Avr (8:23:11 PM): no

	12. Sup (8:23:16 PM): o

	13. Avr (8:23:16 PM): that’s two separate triangles

	14. Sup (8:23:19 PM): ooo

	15. Sup (8:23:20 PM): ok

	16. Avr (8:23:21 PM): right

	17. Avr (8:23:27 PM): i think we have to figure out the height by ourselves

	18. Avr (8:23:29 PM): if possible

	19. pin (8:24:05 PM): i know how

	20. pin (8:24:09 PM): draw the altitude’

	21. Avr (8:24:09 PM): how?

	22. Avr (8:24:15 PM): right

	23. Sup (8:24:19 PM): proportions?

	24. Avr (8:24:19 PM): this is frustrating

	25. Avr (8:24:22 PM): I don’t have enough paper

	26. pin (8:24:43 PM): i think i got it

	27. pin (8:24:54 PM): its a 30/60/90 triangle

	28. Avr (8:25:06 PM): I see

	29. pin (8:25:12 PM): so whats the formula

	Log 1. Excerpt of 3½ minutes from a one-hour chat log. Three students chat about a geometry problem. Line numbers have been added and screen-names anonymized; otherwise, the transcript is identical to what the participants saw on their screens.

	The first thing to notice here is a pattern of proposals, discussions and acceptances similar to what takes place in face-to-face discourse. Bids for proposals about steps in solving the math problem are made by Avr in lines 1, 3, 8, 17 and by Pin in lines 20, 27. These proposals are each affirmed by someone else in lines 2, 6, 10, 19, 22, 28, respectively. 

	To avoid chat confusion, note that line 21 responds to line 19, while line 22 responds to line 20. The timestamps show that lines 20 and 21 effectively overlapped each other chronologically: Avr was typing line 21 before he/she saw line 20. Similarly, lines 24 and the following were responses to line 20, not line 23. We will correct for these confusions later, in Log 2, which reproduces a key passage in this excerpt.

	In Log 1, we see several examples of a three-step pattern:

	
	a) A proposal bid is made by an individual for the group to work on: “I think we should….”

	b) A proposal acceptance is made on behalf of the group: “Ok,” “right.”

	c) There is an elaboration of the proposal by members of the group. The proposed work is begun, often with a secondary proposal for the first sub-step.



	The three-step pattern consists of a pair of postings—a bid and an acceptance—that form a proposal about math, and some follow-up effort. This suggests that collaborative problem solving of mathematics may often involve a particular form of adjacency pair. We will call this a math-proposal adjacency pair.

	Here are six successful math-proposal adjacency pairs from Log 1:

	1. Avr: Okay, I think we should start with the formula for the area of a triangle 

	2. Sup: ok

	3. Avr: A = 1/2bh 

	6. pin: i concue 

	8. Avr: then find the area of each triangle 

	10. Sup: the base and heigth are 9 and 12 right? 

	17. Avr: i think we have to figure out the height by ourselves 

	19. pin: i know how

	20. pin: draw the altitude’ 

	22. Avr: right 

	27. pin: its a 30/60/90 triangle 

	28. Avr: I see

	 

	Note from the line numbers that the response is not always literally immediately adjacent to the bid in the chat log due to the complexities of chat posting. But the response is logically adjacent as an up-take of the bid.

	Many varieties of adjacency pairs allow for the insertion of other pairs between the two parts of the original pair, delaying completion of the original pair. For instance, a question/answer pair may be delayed by utterances seeking clarification of the question. As we will see below, the clarification interaction may itself consist of question/answer pairs, possibly with their own clarifications—this may continue recursively. With math-proposal adjacency pairs, the subsidiary pairs seem to come after the completion of the original pair, in the form of secondary proposals, questions or explanations that start to do the work that was proposed in the original pair. This characteristic leads to their role in sustaining group inquiry.

	Math proposals tend to lead to some kind of further mathematical work as a response to carrying out what the proposal. Often—as seen in the current example—that work consists of making further proposals. In this way, the three-step structure of the math-proposal adjacency pair starts to sustain the group interaction. The proposal bid by one person calls forth a proposal response by someone else. If the response is one of acceptance, it in turn calls forth some further work to be done or a bid for another proposal. If the response is a rejection, it may lead to justification, discussion and negotiation. Since the “preferred” response to a proposal is a statement of acceptance, a response of rejection tends to require some further work. 

	It is striking that the work proposed by a proposal is not begun until there is agreement with the proposal bid. This may represent consent by the group as a whole to pursue the proposed line of work. Of course, this idea is not so clear in the current example, where there are only three participants, and the interaction often seems to take place primarily between pairs of participants. As confirmed by other chat examples, however, the proposal generally seems to be addressed to the whole group and opens the floor for other participants to respond. The use of “we” in “we should” or “we have to” (stated or implied) constitutes the multiple participants as a plural subject—an effective unified group (Lerner, 1993)7. Anyone other than the proposer may respond on behalf of the group. The fact that the multiple participants are posited as a group for certain purposes, like responding to a proposal bid, by no means rules out their individual participation in the group interaction from their personal perspectives, or even their independent follow-up work on the math. It simply means that the individual who responds to the bid may be doing so on behalf of the group.

	Moreover, there seems to be what in conversation analysis is called an interactional preference (Schegloff, Jefferson, & Sacks, 1977) for acceptance of the proposal. That is, if one accepts a proposal, it suffices to briefly indicate agreement: “ok.” If one wants to reject a proposal, however, then one has to account for this response by giving reasons. If the group accepts the bid, one person’s response may serve on behalf of the group; if the group rejects the bid, several people may have to get involved.

	We would like to characterize in more detail the method of making math-proposal adjacency pairs. Often, the nature of an interactional method is seen most clearly when it is breached (Garfinkel, 1967). Methods are generally taken-for-granted by people; they are not made visible or conducted consciously. It is only when there is a breakdown (Heidegger, 1927/1996; Winograd & Flores, 1986) in the smooth, tacit performance of a method that people focus on its characteristics in order to overcome the breakdown. The normally transparent method becomes visible in its breach. In common-sense terms we say, “The exception proves the rule,” meaning that when we see why something is an exceptional case it makes clear the rule to which it is an exception. Heidegger made this into an ontological principle, whereby things first become experience-able during a breakdown of understanding. Garfinkel uses this, in turn, as a methodological fulcrum to make visible that which is commonly assumed and is effective but unseen. 

	We can interpret Sup’s posting in line 23 as a failed proposal. Given the mathematics of the triangle problem, a proposal bid related to proportionality, like Sup’s, might have been fruitful. However, in this chat, line 23 was effectively ignored by the group. While its character as a failed proposal did not become visible to the participants, it can become clear to us by comparing it to successful proposal bids in the same chat and by reflecting on its sequential position in the chat in order to ask why it was not a successful bid. This will show us by contrast what the characteristics are that make other proposal bids successful.

	A failed proposal

	Let us look at line 23 in its immediate interactional context in Log 2. We can distinguish a number of ways in which it differed from successful math proposal bids that solicited responses and formed math-proposal adjacency pairs:

	17, 18. Avr (8:23:29 PM): i think we have to figure out the height by ourselves … if possible

	19.      pin (8:24:05 PM): i know how

	21.      Avr (8:24:09 PM): how?

	20.      pin (8:24:09 PM): draw the altitude’

	22.      Avr (8:24:15 PM): right

	24.      Avr (8:24:19 PM): this is frustrating

	23.      Sup (8:24:19 PM): proportions?

	Log 2. Part of the chat log excerpt in Log 1, with order revised based on threading of the postings.

	(a) All the other proposal bids (1, 3, 8, 17, 20, 27) were stated in relatively complete sentences. Additionally, some of them were introduced with a phrase to indicate that they were the speaker’s proposal bid (1. “I think we should …”; 17. “I think we have to …”; 20. “i know how …”; and 27. “i think i got it …”). The exceptions to these were simply continuations of previous proposals: line 3 provided the formula proposed in line 1 and line 8 proposed to “then” use that formula. Line 23, by contrast, provided a single word with a question mark. There was no syntactic context (other than the question mark) within the line for interpreting that word and there was no reference to semantic context outside of the line. Line 23 did not respond in any clear way to a previous line and did not provide any alternative reference to a context in the original problem statement or elsewhere. For instance, Sup could have said, “I think we should compute the proportion of the height to the base of those equilateral triangles.”

	(b) The timing of line 23 was particularly unfortunate. It exactly overlapped a line from Avr. Because Avr had been setting the pace for group problem solving during this part of the chat, the fact that she was involved in following a different line of inquiry spelled doom for any alternative proposal around the time of line 23. Pin either seemed to be continuing on his own thread without acknowledging anyone else at this point, or else he was responding too late to previous postings. So, a part of the problem for Sup was that there was little sense of a coherent group process—and what sense there was did not include him. If he was acting as part of the group process, for instance posing a question in reaction to Pin and in parallel to Avr, he was not doing a good job of it and so his contribution was ignored in the group process. It is true that a possible advantage of text-based interaction like chat over face-to-face interaction is that there may be a broader time window for responding to previous contributions. In face-to-face conversation, turn-taking rules may define appropriate turns for response that expire in a fraction of a second as the conversation moves on. In computer-based chat, the turn-taking sequence is more open. However, even here if one is responding to a posting that is several lines away, it is important to make explicit somehow the post to which one is responding. Sup could have said, “I know another way to find the height: using proportions.” His posting does not do anything like that; it relies purely upon sequential timing to establish its context, and that fails in this case. 

	(c) Sup’s posting 23 came right after Pin’s proposal bid 20: “draw the altitude.” Avr had responded to this with 22 (“right”), but Sup seems to have ignored that. Pin’s proposal had opened up work to be done, and both Avr and Pin responded after line 23 with contributions to this work. So, Sup’s proposal bid came in the middle of an ongoing line of work without relating to it. In sequential terms, he made a bid for a proposal when it was not time to make a proposal. Sup’s proposal bid was not positioned within the group effort to sustain a promising line of inquiry. It is like trying to take a conversational turn when there is not a pause that creates a turn-taking opportunity. Now, it is possible—especially in chat—to introduce a new proposal at any time. However, to do so effectively, one must make a special effort to bring the on-going work to a temporary halt and to present one’s new proposal as an alternative. Simply saying “proportions?” will not do it. Sup could have said, for instance, “Instead of drawing the altitude, let’s use proportions to find it.”

	 (d) To get a proposal response to a proposal bid, one can elicit at least an affirmation or recognition. Again, this is a matter of pre-structuring a sustained interaction. Line 23 does not really solicit a response. For instance, Avr’s question, 21: “how?” called for an answer—that was given by Pin in line 20, which actually appeared in the chat window just prior to the question and with the same time stamp. But Sup’s posting does not call for a specific kind of answer. Even Sup’s own previous proposal bid in line 10 ended with “right?”—requesting agreement or disagreement. Line 10 elicited a clear response from Avr, line 11 (“no”) followed by an exchange explaining why Sup’s proposal was not right. 

	(e) Other proposal bids in the excerpt are successful in contributing to sustaining the collaborative knowledge building or group problem solving in that they open up a realm of work to be done. One can look at Avr’s successive proposal bids on lines 1, 3, 8 and 17 as laying out a work strategy. This elicits a proposal response from Sup trying to find values to substitute into the formula and from Pin trying to draw a graphical construction that will provide the values for the formula. Sup’s proposal bid in line 23, however, neither calls for a response nor opens up a line of work. There is no request for a reaction from the rest of the group, and the proposal bid is simply ignored. Since no one responded to Sup, he could have continued by doing some work on the proposal himself. He could have come back and made the proposal more explicit, reformulated it more strongly, taken a first step in working on it, or posed a specific question related to it. But he did not—at least not until much later—and the matter was lost.

	(f) Another serious hurdle for Sup was his status in the group at this time. In lines 10 through 16, Sup had made a contribution that was taken as an indication that he did not have a strong grasp of the math problem. He offered the lengths of the two given triangles as the base and height of a single triangle (line 10). Avr immediately and flatly stated that he was wrong (line 11) and then proceeded to explain why he was wrong (line 13). When he agreed (line 15), Avr summarily dismissed him (line 16) and went on to make a new proposal that implied his approach was simply wrong (lines 17 and 18). Then Pin, who had stayed out of the interchange, re-entered, claiming to know how to implement Avr’s alternative proposal (lines19 and 20) and Avr confirmed that (line 22). Sup’s legitimacy as a source of useful proposals had been totally destroyed at precisely the point just before he made his ineffective proposal bid. Less than two minutes later, Sup tries again to make a contribution, but realizes himself that what he says is wrong. His faulty contributions confirm repeatedly that he is a drag on the group effort. He makes several more unhelpful comments later and then drops out of the discourse for most of the remaining chat. Sustaining a math chat discourse involves work to maintain an ongoing social interaction as well as work to continue the math inquiry. Proposal bids and other postings are constrained along multiple dimensions of efforts to sustain the activity.

	The weaknesses of line 23 as a proposal bid suggest (by contrast, exception, breach or breakdown) some characteristics for successful proposals: 

	
		A clear semantic and syntactic structure, 

		Careful timing within the sequence of postings, 

		A firm interruption of any other flow of discussion, 

		The elicitation of a response, 

		The specification of work to be done and 

		A history of helpful contributions. 



	In addition, there are other interaction characteristics and mathematical requirements. For instance, the level of mathematical background knowledge assumed in a proposal must be compatible with the expertise of the participants, and the computational methods must correspond with their training. Additional characteristics become visible in other examples of chats. Successful proposals contribute in multiple ways to sustaining the group cognitive process.

	As we have just seen, the formulation of effective bids for math proposals involves carefully situating one’s posting within the larger flow of the chat. This is highly analogous to taking a turn in face-to-face conversation (Sacks et al., 1974). Where conversation analysis developed a systematics of turn taking, we are discovering the systematics of chat interaction. This describes how math proposals and other chat methods must be designed to fit into—and thereby contribute to—the sustained flow of group interaction.

	So far in this Investigation, the notion of math-proposal adjacency pairs has been illustrated in just a single chat log excerpt. But in our research, we have seen both successful and failed math proposals many times. Other researchers have also noted the role of successful and failed proposals in collaborative problem solving (Barron, 2003; Cobb, 1995; Dillenbourg & Traum, 2006; Sfard & McClain, 2003).

	Each proposal bid and uptake is unique—in its wording and its context. The interactional work that it does and the structuring that it employs are situated in the local details of its sequential timing and its subtle referencing of unique and irreproducible elements of the on-going chat. Each group of students develops somewhat different methods of engaging with math problems and making math proposals. Even within a given chat, each posting pair that might be a proposal must be analyzed as a unique, meaning-making interaction in order to determine if it is in fact a math-proposal adjacency pair. That is why case studies provide the necessary evidence. The essential details of interaction methods are lost in aggregation, in the attempt to overcome what Garfinkel (1967) terms the “irreducible indexicality” of the event. To the extent that identifying proposal pairs is a useful analytic approach, it is important to determine what interactional methods of producing such proposals are effective (or not) in fostering successful knowledge building and group cognition, as we have begun to do here. 

	An understanding of methods like proposal making can guide the design of activity structures for collaborative math. As we are collecting and analyzing a corpus of chat logs under different technological conditions, we are evolving the design of computer support through iterative trials and analyses.

	Designing computer support

	If the failure of Sup’s proposal about proportions is considered deleterious to the collaborative knowledge building around the triangles problem, then what are the implications of this for the design of educational computer-based environments? One response would be to help students like Sup formulate stronger proposals. Presumably, giving him positive experiences of interacting with students like Avr and Pin, who are more skilled in chat proposal making, would provide Sup with models and examples from which he can learn—assuming that he perseveres and does not drop out of the chat. 

	Another approach to the problem would be to build functionality into the software and structures into the activity that scaffold the ability of weak proposal bids to survive. As students like Sup experience success with their proposals, they may become more aware of what it takes to make a strong proposal bid.

	Professional mathematicians rely heavily upon inscription—the use of specialized notation, the inclusion of explicit statements of all deductive steps and the format of the formal proof to support the discussion of math proposals—whether posted on an informal whiteboard, scrawled across a university blackboard or published in an academic journal. Everything that is to be referenced in the discussion is labeled unambiguously. To avoid ellipsis, theorems are stated explicitly, with all conditions and dependencies named. The projection of what is to be proven is encapsulated in the form of the proof, which—at least since Euclid—starts with the givens and concludes with what is proven. Perhaps most importantly, proposals for how to proceed are listed in the proof itself as theorems, lemmas, etc. and are organized sequentially. (This view of proof is an idealization that abstracts from unstated tacit background knowledge of the mathematical community, as Livingston (1999) and Wittgenstein (1944/1956) before him have demonstrated.)

	One could imagine a chat system supplemented with a window containing an informal list of proposals analogous to the steps of a proof. After Sup’s proposal, the list might look like Figure 1. When Sup made a proposal in the chat, he would enter a statement of it in the proof window in logical sequence. He could cross out his own proposal when he felt it had been convincingly argued against by the group (see dashed lines in Figure 1 crossing out the proposal that base and height = 9 and 12).
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	Figure 1. A software interface window with a list of proposals.

	The idea is that important proposals that were made would be retained in a visible way and be shared by the group. Of course, there are many design questions and options for doing something like this. Above all, would students understand this functionality and how would they use it? The design sketch indicated in Figure 1 is only meant to be suggestive. 

	Another useful tool for group mathematics would be a shared drawing area. In the chat environment used by Sup, Pin and Avr, there was no shared drawing, but a student could create a drawing and email it to the others. Pin did this twelve minutes after the part of the interaction shown in the excerpt. Before the drawing was shared, much time was lost due to confusion about references to triangles and vertices. For math problems involving geometric figures, it is clearly important to be able to share drawings easily and quickly. Again, there are many design issues, such as how to keep track of who drew what, who is allowed to erase, how to point to items in the drawing and how to capture a record of the graphical interactions in coordination with the text chatting.

	Because we are designing a computer-supported experience that has never before existed and because we want our design to be based on detailed study of how students actually create their collaborative experience in the environment we are designing, we follow a highly iterative try-analyze-redesign cycle of design-based research (Design-Based Research Collective, 2003), in order to gradually approach an effective computer-supported environment and math discourse community.

	We started with a simple online service. We used AOL’s IM commercial chat system that was already familiar to many students. We invited students into chat rooms and presented a problem from the Math Forum’s well-established Problem of the Month service. An adult facilitator was present in the room to help with any technical problems. When we saw how necessary a shared whiteboard was, we tried an open-source solution and also WebCT’s and Blackboard’s interactive classrooms. Eventually we collaborated with researchers in Germany to use and further develop ConcertChat. Together, we have gradually evolved ConcertChat into a sophisticated environment for students, instrumented to capture student interaction for researchers. 

	Since the early AOL-based chat analyzed above, we have gone through many cycles of design, trial and analysis. In addition to designing wiki support for persistent summaries of work (such as that in Figure 3) and a shared whiteboard for constructing geometric drawings (discussed in the following section), we have incorporated the following: a referencing tool; a way for users to explicitly thread their chat postings; several forms of social awareness; tutorials on how to use the new features; a help system on using the tools, collaborating and problem-solving; and a lobby to support group formation. We have also experimented extensively with how best to formulate math problems or topics and how to provide feedback to students on their work. 

	References and threading

	The more we study chat logs, the more we see how interwoven the postings are with each other and with the holistic Gestalt of the interactional context that they form. There are many ways in which a posting can reference elements of its context. The importance of indexicality to creating shared meaning was stressed by Garfinkel (1967). Vygotsky also noted the central role of pointing for mediating intersubjectivity in his analysis of the genesis of the infant-and-mother’s pointing gesture (1930/1978, p. 56). Our analysis of face-to-face collaboration emphasized that spoken utterances in collaborative settings tend to be elliptical, indexical and projective ways of referencing previous utterances, the conversational context and anticipated responses (Stahl, 2006b, chapter 12).

	Based on these practical and theoretical considerations—and working with the ConcertChat developers—we evolved the VMT-Chat environment. As shown in Figure 2, it not only includes a shared whiteboard, but has functionality for referencing areas of the whiteboard from chat postings and for referencing previous postings [Investigation 22]. The shared whiteboard is necessary for supporting most geometry problems. (This will save Avr the frustration of running out of paper, and also let Pin and Sup see what she is drawing and add to it or reference it.) Sharing drawings is not enough; students must be able to reference specific objects or areas in the drawing. (For example, Sup could have pointed to elements of the triangles that he felt to be significantly proportional.) The whiteboard also provides opportunities to post text where it will not scroll away. (Sup could have put his failed proposal in a text box in the whiteboard, where he or the others could come back to it later.) The graphical references (see the bold line from a selected posting to an area of the drawing in Figure 2) can also be used to reference one or more previous postings from a new posting in order to make the threads of responses clearer in the midst of “chat confusion” (Fuks, Pimentel, & de Lucena, 2006).
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	Figure 2. Screen view of VMT-Chat with referencing. Line 12 of the chat is selected.

	In one of our first chats using VMT-Chat, the students engaged in a particularly complex interaction of referencing a figure in the whiteboard whose mathematics they wanted to explore [Investigation 22]. The chat log from Figure 2 (graphical references to the whiteboard are indicated by “[REF TO WB]” in the log) is listed in Log 3.

	1       ImH:      what is the area of this shape? [REF TO WB] 

	2       Jas:      which shape? 

	3       ImH:      woops 

	4       ImH:      ahh! 

	5       Jas:      kinda like this one? [REF TO WB] 

	6       Jas:      the one highlighted in black and dark red?

	7        ImH:      between th stairs and the hypotenuse

	8       Jas:      oh

	9       Jas:      that would be a tricky problem, each little “sector” is different

	10       Jas:      this section [REF TO WB]

	11       ImH:      perimeter is 12root3

	12       Jas:      is smaller than this section [REF TO WB] 

	13       ImH:      assume those lines are on the blocks

	14       Jas:      the staircase lines?

	15       ImH:      yeah

	16       Jas:      they already are on the blocks

	Log 3. Chat log from Figure 2.

	Line 1 of the chat in Log 3 textually references an abstract characteristic of a complex graphical form in the whiteboard: “the area of this shape.” The software function to support this reference failed, presumably because the student, ImH, was not experienced in using it and did not cause the graphical reference line to point to anything in the drawing. Line 5 provides a demo of how to use the referencing tool. Using the tool’s line, a definite textual reference (“this one”) and the use of line color and thickness in the drawing, lines 5 and 6 propose an area to act as the topic of the chat. Line 7 makes explicit in text the definition of a sub-area of the proposed area. Line 8 accepts the new definition and line 9 starts to work on the problem concerning this area. Line 9 references the problem as “that” and notes that it is tricky because the area defined does not consist of standard forms whose area would be easy to compute and add up. It refers to the non-uniform sub-areas as little “sectors.” Line 10 then uses the referencing tool to highlight (roughly) one of these little sectors or “sections.” Line 12 continues line 10, but is interrupted in the chat log by line 11, a failed proposal bid by ImH. The chat excerpt continues to reference particular line segments using deictic pronouns and articles as well as a growing vocabulary of mathematical objects of concern: sectors, sections, lines, blocks. 

	Progress is made slowly in the collaborative exploration of mathematical relationships, but having a shared drawing helps considerably. The students use multiple textual and graphical means to reach a shared understanding of mathematical objects that they find interesting but hard to define. In this excerpt, we start to get a sense of the complex ways in which brief textual postings weave dense webs of relationships among each other and with other elements of the collaborative context. 

	This example shows how creating shared meaning can require more than a simple adjacency pair. In order to establish a reference to “this shape” that could allow the two participants to discuss that math object, the dyad had to construct a complex involving nested question/answer pairs, math proposal pairs, a failed proposal bid, drawing, coloring, labeling, pointing, multiple repairs, computations. Here we see a more sustained group-cognitive process. Across 16 postings and considerable coordinated whiteboard activity during two minutes, the student dyad defines a math object for investigation. The definition is articulated by this whole sequence of combined and intricately coordinated textual and graphical work.

	Sustaining the group interaction

	The goal of our research is to provide a service to students that will allow them to have a rewarding experience collaborating with their peers in online discussions of mathematics. We can never know exactly what kind of subjective experience they had, let alone predict how they will experience life under conditions that we design for them. For instance, it is methodologically illegitimate to ask if ImH already “intended” or “had in mind” in line 1 the shape that the group subsequently arrived at. We know from the log that ImH articulated much of the explicit description, but he only did this in response to Jas. If we interviewed ImH afterwards he might quite innocently and naturally project this explicit understanding back on his earlier state of mind as a retrospective account or rationalization (Suchman, 1987).

	Our primary access to information related to the group experiences comes from chat logs (including the whiteboard history). The logs capture most of what student members see of their group on their computer screens. They therefore constitute a fairly complete record of everything that the participants themselves had available to understand their group interaction. We can even replay the logs so that we see how the session unfolded sequentially in time. Of course, we are not engaged in the interaction the way the participants were, and recorded experiences never quite live up to the live version because the engagement is missing. To gain some first-hand experience, we researchers do test out the environments ourselves and enjoy the experience, but we experience math and collaboration differently than do middle-school students. We also interview students and their teachers, but teenagers rarely reveal much of their life to adults.

	So, we try to understand how collaborative experiences are structured as interpersonal interactions that are sustained over time. The focus is not on the individuals as subjective minds, but on the human, social group as constituted by the interactions that take place within the group. Although we generally try to ground our understanding of interaction through close, detailed analysis of excerpts from chat recordings, we do not have room to document our analysis of longer-scale structures at that level of detail here. During Spring Fest 2005, we collected over 50 hours of small-group chat about math. We engage in weekly collaborative data sessions (Jordan & Henderson, 1995) to develop case studies of unique chat excerpts. A number of published papers arising from these sessions are available. The discussion in the remainder of this Investigation is a high-level summary based on what we have observed. 

	Replies, up-take, pairs and triplets

	Figure 3 provides a diagram of the responses of postings in the chat discussed above involving Avr, Pin and Sup (Log 1). The numbers of the posts by each participant are placed in chronological order in a column for that participant. Math-proposal adjacency pairs are connected with solid arrows and other kinds of responses are indicated with dashed arrows. Note that Sup’s failed proposal bid (line 23) is isolated. Most of the chat, however, has coherence, flow or motion because most postings are responses to previous messages. This high level of responses is due to the fact that many postings elicit responses or up-take, the way that a greeting invariably calls forth another greeting in response, or a question typically elicits an answer. In a healthy conversation, most contributions by one participant are taken up by others. Conversationalists work hard to fit their offerings into the timing and evolving focus of the on-going interaction. In chat, the timing, rules and practices are different, but the importance of up-take remains [Investigation 4]. 
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	Figure 3. Threading of adjacency pairs and other uptake.

	The fact that the group process and the cross ties between people are central to collaborative experiences does not contradict the continuing importance of the individuals. The representation of Figure 3 uses columns to indicate the connections and implicit continuity within the sequence of contributions made by an individual (compare the representation in Sfard & McClain, 2003). We may project psychological characteristics onto the unity of an individual’s postings, attributing this unity to personal interests, personality, style, role, etc. Such attributions may change as the chat unfolds. The point is that the individual coherence and unfolding of each participant’s contributions adds an important dimension of implicit sustaining connections among the postings.

	Adjacency pairs like math proposals, greetings and questionings provide important ties that cut across the connections of individual continuities. They form the smallest elements of interaction precisely by binding together postings from different people. A proposal bid that is not taken up is not a meaningful proposal, but at best a failed attempt at a proposal. A one-sided greeting that is not recognized by the other is not an effective greeting. An interrogative expression that does not call for a response is no real questioning of another. These adjacency pairs are all interactional moves whose meaning consists in a give-and-take between two or more people. When we hear something that we recognize as a proposal bid, a greeting or a question, we feel required to attempt an appropriate response. We may ignore the proposal bid, snub the greeter or refuse to answer the question, but then our silence is taken as a response of ignoring, snubbing or refusing—and not simply a lack of response. The first part of an adjacency pair opens up a space of possibility for other group members to respond. The space if structured to allow certain kinds of utterances and not others. Some of the permitted responses are preferred and others are dis-preferred, requiring additional elaboration.

	The way that a response is taken is an integral part of the interaction itself. In discussing the building of common ground, Clark argues that shared understanding by A and B of A’s utterance involves not only B believing that he understands A, but also A agreeing that B understands (Clark & Brennan, 1991). This may require an interaction spanning multiple utterances. For instance, the most prevalent interaction in classroom discourse is when a teacher poses a question, a student provides an answer demonstrating understanding and then the teacher acknowledges the student response as such an understanding (Lemke, 1990). Here, the elemental cell of interactional meaning making is a sequence of contributions by different people. 

	It is clear in this analysis that the meaning is constructed through the interaction of multiple people, and is not a simple expression of pre-existing mental representations in any one individual’s head. This is the philosophical importance of the concept of adjacency pair: that meaning in groups is made through the interaction of multiple people, not completely by an individual’s mental activity. In calling this “group cognition,” we extend the term “cognition” from individual psychology to apply to processes in which small groups through their discourse construct meaning structures like logical arguments or mathematical proofs—that is, they engage in processes which are considered thinking when conducted by individual people. This approach is consistent with dialogical theories that actually view higher-level thinking by individuals as derivative of such intersubjective meaning making (Bakhtin, 1986; Linell, 2001; Stahl, Koschmann, & Suthers, 2006; Vygotsky, 1930/1978; Wegerif, 2006).

	Longer sequences

	Although much attention has been given to adjacency pairs in conversation analysis and although such pairs can be thought of as the elements of meaning making in collaborative interaction, they form only one of many levels of analysis. For instance, there are longer sequences (Sacks, 1992, vol. II, p. 354), episodes (Linell, 2001) and topics in dialogs and chats (Zemel, Xhafa, & Cakir, 2005) that provide layers of structure and sense. An hour-long chat is not a homogeneous interchange. A typical math chat might start with a period of introductions, greetings, socializing. Then there could be some problem-solving work. This might be periodically interrupted by joking, playing around, or silliness. People may come and go, requiring catching up and group reorganization, or even bridging across sessions. Each of these episodes has boundaries during which the group members must negotiate whether or not to stop what they were doing and start something else. These transitions may themselves be longer sequences of interaction, especially in large groups. We have barely begun to explore these different layers. 

	In social conversation, people work hard to strike up conversations, to propose new topics of mutual interest and to keep the conversation going. Online math chats face similar challenges. Students hesitantly greet each other and get things started. Math proposals are often used to introduce new topics and to carry forward a train of thought together. Finally, participants engage in considerable interaction work to sustain their sessions, intertwining humor, flirting, socializing and math inquiry—often using one of these modes to sustain others. Eventually every group decides to disband, at least until a future session.

	The above referencing excerpt from a VMT-Chat was from the second hour-long session in a series of four chats by the same group. The sessions referred back to previous sessions and prepared for future ones. We hope to foster a community of Math Forum users who come back repeatedly to math chats, potentially with their friends. Their chats will reference other chats and different online experiences, building connections at the community level. This adds more layers of interconnections. It may sustain group interaction, inquiry and reflection over more significant periods of time.

	Constructing proofs

	Learning math involves becoming skillful in the social practices of the math community (Livingston, 1999). The math community is an aspect of the world-historical global community. The most central participants are the great mathematicians, who have invented new mathematical objects and developed new forms of mathematical practice (Sfard & Linchevski, 1994). Most of the population has low math literacy and participates on the periphery of the math discourse community. They are unable to manipulate math concepts fluidly in words or mathematical symbolism (Sfard, 2002). Nevertheless, they can use basic arithmetic methods for practical purposes (Lave, 1988). One of the most fundamental methods of math is counting, which young children are drilled at extensively. Formal math assumes that the practitioner is skilled at following rules, such as the non-formalized rules of numeric sequencing or counting (Wittgenstein, 1944/1956).

	In our chats, students work on math problems and themes. In solving problems and exploring math worlds or phenomena, the groups construct sequences of mathematical reasoning that are related to proving. Proofs in mathematics have an interesting and subtle structure. To understand this structure, one must distinguish: 

	
		The problem statement-and-situation; 

		The exploratory search for a solution; 

		The effort to reduce a haphazard solution path to an elegant, formalized proof; 

		The statement of the proof; and 

		The lived experience of following the proof (Livingston, 1986, 1987). 



	Each of these has its own structures and practices. Each implicitly references the others. To engage in mathematics is to become ensnarled in the intricate connections among them. To the extent that these aspects of doing math have been distinguished and theorized, it has been done as though there is simply an individual mathematician at work. There has been virtually no research into how these could be accomplished and experienced collaboratively—despite the fact that talking about math has for some time been seen as a priority in math education (NCTM, 1989; Sfard, 2002).

	The stream of group consciousness

	Psychologists like William James and novelists like Jack Kerouac have described narratives that we tell ourselves silently about what we are doing or observing as our stream of consciousness. This “inner voice” rattles on even as we sleep, making connections that Sigmund Freud found significant (if somewhat shocking in his day). In what sense might online chats—with their meanderings, flaming, associative referencing, unpredictable meaning making and unexpected images—deserve equal status as streams of (group) consciousness? Group cognition can be self-conscious: The group discourse can talk about the existence of the group discourse itself and comment on its own characteristics.

	Our sense of sustained time and the rhythms of life are largely reliant upon the narratives we tell ourselves (Bruner, 1990; Sarmiento, Trausan-Matu, & Stahl, 2005). We know that we have already lived through a certain part of the day or of our life because our present is located within a nexus of ties to the past or hopes for the future. In similar ways, a chat’s web of references that connects current postings to prior ones to which they respond and to future postings that they elicit defines a temporality of the chat. This is experienced as a lived sense of time that is shared by the group in the chat. Like our individual internal clocks, the group temporality is attuned to the larger world outside—the world of family life that calls the students away from the chat for dinner or the world of school that interrupts a chat with class changes or homework pressures. The temporality that defines a dimension of the collaborative experience is constrained by the nature of the social situation and by the functionality of the technological environment.

	Constructing the group experience

	Groups constitute themselves (Garfinkel, 2006, pp. 189ff; Sacks, 1992, vol. I, pp. 144-149). We can see how they do this in the chat logs. At one level, the VMT service brings several students together and locates them in a chat room together. It may supply a math problem for them to work on and it may provide a facilitator who introduces them to the environment. At this point, they are a potential group with a provisionally defined membership. The facilitator might say something like, “Welcome to our first session of Virtual Math Teams! I am the facilitator for your session. . .. As a group, decide which question you would like to work on.” (This is, in fact, part of the facilitator script from the session involving ImH and Jas excerpted above.) Here we can see that the facilitator has defined the group (“as a group … you”) and distinguished her own role as outside the group (“I am the facilitator … your session”). The potential group projected by the facilitator need not necessarily materialize. Individual students may come to the setting, look around, decide it is lame and leave as individuals. However, this rarely happens. Sometimes an individual will leave without ever interacting, but as long as enough students come there, a group emerges.

	Students enter the chat environment with certain motivations, expectations and experiences. These are generally sufficient to get the group started. One can see the group form itself. This is often reflected in the shift from singular to plural pronouns: “Let’s get started. Let us do some math.” We saw this in Avr’s proposal: “I think we have to figure out the height by ourselves.” The proposal bid comes from an individual, but the projected work is for the group. Through her use of “we,” Avr constitutes the group. Through her proposal bid, she constitutes the group as a recipient of the bid and elicits a response from them. Someone other than Avr must respond to the bid on behalf of the group. When Pin says, “I know how: draw the altitude,” he is accepting Avr’s proposal as a task for the group to work on and in so doing he makes a proposal about how the group should go about approaching this task (by making a geometric construction). In this interchange, the group (a) is projected as an agent (“we”) in the math work (Lerner, 1993), and (b) is actually the agent of meaning making because the meaning of Avr’s proposal is defined by the interaction within the group (e.g., by a math-proposal adjacency pair). 

	If the group experience is a positive one for the participants, they may want to return. Some chats end with people making plans to get together again. In some experiments, the same groups attended multiple sessions. We would like to see a community of users form, with teams re-forming repeatedly and with old-timers helping new groups to form and learn how to collaborate effectively.

	The recognition that collaborative groups constitute themselves interactionally and that their sense making takes place at the group unit of analysis has implications for the design of cognitive tools for collaborative communities. The field of computer-supported collaborative learning (CSCL) was founded in the 1990s to pursue the analysis of group meaning making and the design of media to support it (Stahl, Koschmann et al., 2006). We view the research described here as a contribution to this CSCL tradition.

	We are designers of tools for collaborative groups. We want to design an online collaborative service, with strong pedagogical direction and effective computer support. Our goal is to design an environment that fosters exciting mathematical group experiences for students and inspires them to return repeatedly. Our ultimate vision is to foster a sustainable community of math discourse among students. We approach this by trying to understand how groups of students construct their experience in such settings. 

	When students enter our website now, they are confronted by a densely designed environment. The lobby to our chat rooms is configured to help students find their way to a room that will meet their needs. In the room, there is a daunting array of software functionality for posting and displaying chat notes, drawing geometric forms and annotating them, keeping track of who is doing what and configuring the space to suit oneself. There may be a statement of a math problem to solve or an imaginary world to explore mathematically. The service, problems and software are all designed to enhance the user’s experience. But how can a student who is new to all this understand the meanings of the many features and affordances that have been built into the environment?

	Groups of students spontaneously develop methods for exploring and responding to their environments. They try things out and discuss what happens. A new group may doodle on the whiteboard and then joke about the results. They bring with them knowledge of paint and draw programs and skills from video games, SMS and IM. The individuals may have considerable experience with single-user apps, but react when someone else erases their drawing; they must learn to integrate coordination and communication into their actions. The math problems they find in the chat rooms may be quite different from the drill-and-practice problems they are used to in traditional math textbooks and commercial “educational” software. It may take the group a while to get started in productive problem solving, so the group has to find ways to keep itself together and interacting in the meantime. There may be various forms of socializing, interspersed with attempts to approach the math. As unaccustomed as the math may be, the students always have some knowledge and experience that they can bring to bear. They may apply numerical computations to given values; try to define unknowns and set up equations; graph relationships; put successive cases in a table; use trigonometric relationships or geometric figures; draw graphical representations or add lines to an existing drawing. Mainly, they put proposals out in the chat stream and respond to the proposals of others. Sometimes the flow of ideas wanders without strong mathematical reflection. Other times, one individual can contribute substantial progress and engage in expository narrative to share her contribution with the group (Stahl, 2006a).

	Groupware is never used the way its designers anticipated. The designers of VMT-Chat thought that its referencing tools would immediately clarify references to elements of drawings and transform chat confusion into logical threaded chat. But our studies of the actual use of these designed functions tell a quite different and more interesting story. The shared whiteboard with graphical references from the chat may allow more complex issues to be discussed, but they do not make pointing problem-free. We saw in a previous section how much work ImH and Jas engaged in to clarify for each other what they wanted to focus on. In the excerpt and in the longer chat, they used a variety of textual, drawing and referencing methods. Through this process, they learned how to use these methods and they taught each other their use. Within a matter of a fraction of a minute, they were able to reach a shared understanding of a topic to work on mathematically. During that brief time, they used dozens of deictic methods, some that would prove more useful than others for the future.

	Chat is a highly constrained medium. Participants feel various pressures to get their individual points of view out there. In a system like VMT-Chat, there is a lot to keep track of: new postings, changes to the whiteboard, signs that people are joining, leaving, typing, drawing. Small details in how something is written, drawn or referenced may have manifold implications through references to present, past or future circumstances. Students learn to track these details; apply them creatively; acknowledge to the group that they have been recognized; check, critique and repair them. Each group responds to the environment in its own way, giving group meaning to the features of the collaborative world and thereby putting their unique stamp on their group experience.

	In the process, they create a group experience that they share. This experience is held together with myriad sorts of references and ties among the chat postings and drawings. Often, what is not said is as significant as what is. Individual postings are fragmentary, wildly ambiguous, and frequently confusing. In lively chats, much of what happens remains confusing for most participants. Clarity comes only through explicit reflections, up-takes, appreciations or probing. The interactions among postings, at many levels, cohere into a stream of group consciousness, a flow of collaboration, a shared lived temporality and, with luck, an experience of mathematical group cognition.

	The small groups who meet in the VMT-Chat rooms participate in the larger collaborative communities of: the VMT project, the Math Forum user community and the math discourse community at large. In general, interacting small groups mediate between their individual members and the larger communities to which they belong. The discourse within the small group evokes and collects texts, drawings and actions by different participants, who bring multiple interpretive perspectives to the shared meaning making. Enduring ambiguity, mutual inconsistency and downright contradiction pervade the resultant group cognition, with its “inter-animation of perspectives” (Bakhtin, 1986; Wegerif, 2006). Whether or not we assume that an individual’s thoughts are logically consistent and interpretively determinant, it seems that much of a group chat generally remains a mystery to both participants and researchers. Yet, from out of the shrouds of collective fog, insights are co-constructed that could not otherwise shine forth. The tension arising from conflicting or ungraspable interpretations in place of harmonious shared meaning fuels the creative work of constructing innovative group understanding.

	The chat environment as incorporated in the VMT project is essentially different from familiar conversational situations, as we have seen in this paper. In general, there is little known by the participants about each other, except for what appears in the chat text or whiteboard drawings. No one’s age, gender, appearance, accent, ethnicity is known. Even people’s real names are replaced in the chat with anonymous login handles. Participants do not observe each other typing and correcting text until it is posted. Nor do they see what people are doing or saying in their lives outside the chat—if they have gone for a snack, are talking on the phone or are engaged in other, simultaneous online interactions. Normally, a person’s history, culture and personality are conveyed through their vocal intonation and physical appearance (Bourdieu, 1972/1995); these are absent in chat. The one-hour duration of most VMT chats limits the history that can be established among participants through the available outlets of text and drawing, interaction style, word choice and use of punctuation. Yet, these drastically restricted means somehow allow incredibly rich, unique, creative and sophisticated interactions to take place. Insights take place and are shared; meaning is constructed and made sense of by groups. Perspectives and personal voices are established and acknowledged. Like characters in a Beckett play, chat participants learn to survive using radically impoverished discourse within a sensuously desolate landscape, and they sustain surprising forms of interaction for about an hour.

	Conclusion

	As we have seen in this paper, when students enter into one of our chats they enter into a complex social world. They typically quickly constitute a working group and begin to engage in activities that configure a group experience. This experience is conditioned by a social, cultural, technological and pedagogical environment that has been designed for them. Within this environment, they adopt, adapt and create methods of social practice for interacting together with the other students who they find in the chat environment. Over time, they explore their situation together, create shared meaning, decide what they will do and how they will behave, engage in some form of mathematical discourse, socialize, and eventually decide to end their session. 

	Then our job as researchers begins: to analyze what has happened and how the software tools we are designing condition, support and mediate the collaborative experiences that groups construct and sustain. We face the same poverty of knowledge about our subjects that the participants themselves face about each other. But, here too, less can be more. This record is conducive to careful, detailed analysis, without the interpretive complexities of video recording and transcription. We can analyze what happens at the group unit of analysis, with the methods of interaction adopted by the participants, because everything that could have gone into the shared understanding of the participants is available in the persistent record of the chat-room history. 

	We can study this record at our leisure and make explicit the influences that the group experienced tacitly in the flow of its life. We can observe how several students constitute and sustain their group cognition in the math chat environment we are designing with them. The group cognition persists in its record, indefinitely available for analysis.

	We can identify successful and failed math proposals, questions, greetings and other low-level interactions. We can observe how groups construct, identify, make sense of and explore mathematical objects. But we can also see how these elementary interactions build up longer sequences of group cognition (Stahl, 2006b) [Investigation 22], intersubjective meaning making (Suthers, 2006) [Investigation 4] and sustained collaborative group experiences.
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Investigation 22. Supporting Group Cognition with a Cognitive Tool

	Gerry Stahl

	Abstract. The Virtual Math Teams Project is exploring how to create, structure, support and assess an online chat-based collaborative community devoted to mathematics discourse. It is analyzing the forms of group cognition that emerge from the use of shared cognitive tools with specific functionalities. Centered on a case study of a synchronous online interchange, this Investigation discusses the use of a graphical referencing tool in coordination with text chat to achieve a group orientation to a particular mathematical object in a shared whiteboard. Deictic referencing is seen to be a critical foundation of intersubjective cognitive processes that index objects of shared attention. The case study suggests that cognitive tools to support group referencing can be important in supporting group alignment, intentionality and cognition in online communities such as this one for collaborative mathematics. 

	Keywords. Referencing, deixis, cognitive tool, gesture, common ground, boundary objects and intentionality, group cognition, collaborative knowledge building, cognition, intentionality, reference, sense making, temporality, learning, epistemology, adjacency pair.

	The Problem of Supporting Group Cognition

	Suppose one wanted to establish a collaborative community with a certain focus, say to explore mathematics (e.g., the kind of math taught in school or accessible to interested students). How might one go about doing this? How would one invite people, where would they congregate, how would they communicate, what kinds of social practices would emerge, who would provide leadership, whence would knowledge appear? The obvious approach today is to build an online community of people who want to discuss math. Research in computer-supported collaborative learning and working (CSCL and CSCW) has taught us that this requires a well-integrated infrastructure, not just a simple cognitive tool or a generic communication medium. For instance, the following range of issues would have to be addressed: how should the software environment be designed; what kind of curriculum or domain content should be included; how are working groups to be formed; how will participants be recruited? The design of cognitive tools to support such an online collaborative community would involve many inter-related considerations, most of which are not yet well understood.

	Cognitive tools for collaborative communities are essentially different from cognitive tools for individuals. A number of publications detail the following considerations (Dillenbourg & Traum 2006; Jones, Dirckinck-Holmfeld & Lindström, 2006; Stahl, 2006a):

	
		The use of cognitive tools by a collaborative community takes place through many-to-many interactions among people, not by individuals acting on their own.

		The cognition that the tools foster is inseparable from the collaborative interaction that they support.

		The relevant cognition is the “group cognition” that is shared at the small-group unit of analysis; this is a linguistic phenomenon that takes place in discourse, rather than a psychological phenomenon that takes place in an individual’s mind. 

		The tools may be more like communication media than like a hand calculator—they do not simply amplify individual cognitive abilities; they make possible specific new forms of group interaction. 

		Rather than being relatively simple physical artifacts, tools for communities may be complex infrastructures.

		Infrastructures do not have simple, fixed affordances designed by their creators; they are fluid systems that provide opportunities that must be specified by users and enacted by them. 

		The community must interpret the meanings designed into the tools, learn how to use the tools, share this understanding and form social practices or methods of use.

		Analyzing the effectiveness of these tools requires a special methodology that can analyze the methods developed by the community for taking advantage of the infrastructure to accomplish its collaborative activities.

		The community with its tools forms a complex, non-linear system that cannot be modeled through simple causal relationships, because the whole is both over-determined and open-ended; the community is made possible by its infrastructure, but also interprets the meaning of its tools and adapts their affordances. 



	This Investigation tries to respond to these considerations without having the space to present them in depth. It reports on an effort to develop a cognitive tool for an online community of mathematics discourse. Experience—along with the preceding considerations—has shown that the design of software tools for collaborative learning must consider above all else how people will actually use the tool. Therefore, our design effort was structured as a design-based research experiment, in which a relatively simple solution is first tried out in a realistic small-scale setting. The results of actual usage are analyzed to assess what worked and what barriers were encountered. Successive re-design cycles attempt to overcome the barriers that users encountered and to evolve a tool and approach (conceptualizations, theory, methodology) that provide increasingly effective support for a gradually emergent online community. This user-centered approach—applied to a growing community of users rather than to subjects representing an imagined “typical” individual user—focuses on the details of how the community interacts through the tool. 

	More specifically, we will look at a cognitive tool that was recently added to the infrastructural support for the Math Forum, a community of mathematics teachers and students. The tool allows users to relate work in a text-chat stream with work done in a shared whiteboard drawing area. The tool draws lines from a chat message to other chat messages and/or to areas in the whiteboard. We call this tool a “graphical referencing tool” because it supports the ability of a message to reference an item already existing in the online environment by drawing a line from the message to the graphical item. 

	After briefly describing our research project and discussing our methodology for analyzing usage, we will present a case study of how students used the cognitive tool for referencing. Close analysis of a brief excerpt from an actual student interaction using the tool will illustrate both how complex the achievement of shared references can be and how crucial referencing can be for the group cognition that takes place. Findings of the case study will then motivate consideration of conceptual issues in understanding referencing: reflections on the epistemology and pedagogy of referencing will provide insight into issues of gesture, common ground, boundary objects and intentionality in group cognition.

	An Experiment in Designing an Online Chat Community

	The Virtual Math Teams (VMT) project at the Math Forum is a research project to explore some of the issues posed above. In order to understand the experience of people and groups collaborating online in the VMT service, the researchers in the project look in detail at the interactions as captured in computer logs. In particular, the project studies groups of three to six middle- or high-school students discussing mathematics in chat rooms. The logs that are collected capture what the participants see to a close approximation. 

	The VMT project was designed to foster, capture and analyze instances of “group cognition” (Stahl, 2006a). The project is set up so that every aspect of the communication can be automatically captured when student groups are active in the online community, so that the researchers have access to virtually everything that enters into the communication and that is shared by the participants. All interaction takes place online, so that it is unnecessary to videotape and transcribe. Each message is logged with the name of the user posting it and the time of its submission. Similarly, each item placed in the shared whiteboard is tagged with the name of its creator and its creation or modification time. The chat is persistent, and the history of the whiteboard can also be scrolled by participants, and later by researchers. 

	Although many things happen “behind the scenes” during chat sessions—such as the production of the messages, including possible repairs and retractions of message text before a message is sent, or things that the participants do but do not mention in the chat—the researcher sees practically everything that the participants share, and all see. While the behavior of a participant may be influenced on an individual basis—such as by interactions with people outside of the chat or by the effects of various social and cultural influences—the researchers can generally infer and understand these influences to the same extent as the other participants (who typically do not know each other outside of the chats). These “external” factors (including the participants’ age, gender, ethnicity, culture) only play a role in the group interaction to the extent that they are somehow brought into the discourse or “made relevant” in the chat. In cases where they play a role in the group, then, they are also available to the researchers in the same ways as to the participants. 

	In particular, the sequentiality of the chat messages and of the actions in the whiteboard are maintained so that researchers can analyze the phenomena that take place at the group level. The other way in which the group interaction may be influenced from outside of activities recorded in the chat room is through general background knowledge shared by the participants, such as classroom culture, pop culture or linguistic practices. If the participants meet on the Internet and do not all come from the same school and do not share any history from outside of the VMT chats, then researchers are likely to share with the participants most of the background understanding that the participants themselves share.

	This is not to say that the researchers have the same experience as the participants, but their resources for understanding the chat are quite similar to the resources that the participants had for understanding and creating the chat, despite the dramatic differences between the participant and researcher perspectives. Participants experience the chat in real time as it unfolds on their screen. They are oriented toward formulating their messages to introduce into the chat with effective timing. Researchers are engaged in analyzing and recreating what happened, rather than participating directly in it. They are oriented toward understanding why the messages were introduced when and how they were. They are behaving under very different motivations, timings and constraints.

	We want to understand how groups construct their shared experience of collaborating online. While answers to many questions in human-computer interaction have been formulated largely in terms of individual psychology, questions of collaborative experience require consideration of the group as the unit of analysis. Naturally, groups include individuals as contributors and interpreters of content, but the group interactions have structures and elements of their own that call for different analytic approaches. In particular, the solving of math problems in the chat environment gets accomplished collaboratively, interactionally. That is, the cognitive work is done by the group. 

	We call this accomplishment group cognition—a form of distributed cognition that may involve advanced levels of cognition like mathematical problem solving, and that is visible in the group discourse where it takes place. It is possible to conduct informative analyses of chats at the group unit of analysis, without asking about the individuals—e.g., their motivations, internal reflections, unexpressed feelings, intelligence, skills, etc.—beyond their participation in the group interaction. Of course, there are also fascinating questions about the interplay between group cognition and individual cognition, but we will not be considering those here.

	The VMT project is studying how small groups of students do mathematics collaboratively in online chat environments. We are particularly interested in the new group methods that the teams must develop to conduct their interactions in an environment that presents new affordances for interaction. “Member methods” (Garfinkel, 1967) are interactional patterns that participants in a community adopt to structure and give meaning to their activities. A paradigmatic example of member methods is the set of conventions used by speakers in face-to-face conversation to take turns talking (Sacks, Schegloff & Jefferson, 1974). The use of such methods is generally taken-for-granted by the community and provides the social order, meaning and accountability of their activities. Taken together, these member methods define a group culture, a shared set of ways for people interacting to make sense together of their common world. The methods adopted by VMT participants are subtly responsive to the chat medium, the pedagogical setting, the social atmosphere and the intellectual resources that are available to them. These methods help define the nature of the collaborative experience for the small groups that develop and adopt them. Through the use of these methods, the groups construct their collaborative experience. The chat takes on a flow of interrelated ideas for the group, analogous to an individual’s stream of consciousness. The referential structure of this flow provides a basis for the group’s experience of intersubjectivity and of a shared world. 

	As designers of educational chat environments, we are particularly interested in how small groups of students construct their interactions in chat media that have various specific technical features. How do the students learn about the affordances that designers embedded in the environment, and how do they negotiate the methods that they adopt to turn technological possibilities into practical means for mediating their interactions? Ultimately, how can we design with students the technologies, pedagogies and communities that will result in desirable collaborative experiences for them? Our response to the question of how cognitive tools mediate collaborative communities is to point to the methods that interactive small groups within the community spontaneously co-construct to carry out their activities using the tools.

	To explore this complex topic within the confines of this Investigation, we will look at a brief excerpt of one dyad of students within an online small group using the affordances of the technological environment of the VMT project at one point in its development. Specifically, we look at how the students reference a particular math object in the virtual environment. We will see a number of methods—or group practices [Investigation 16]—being used within a 16-line excerpt. We will also mention other methods that we have observed students employing for referencing in similar chat sessions.

	Technology for Referencing in a Chat Environment

	In our design-based research at the Virtual Math Teams project (Stahl, 2005), we started by conducting chats in a variety of commercially available environments, including AOL Instant Messenger, Babylon, WebCT, Blackboard. Based on these early investigations, we concluded that we needed to include a shared whiteboard for drawing geometric figures and for persistently displaying notes. We also found a need to minimize “chat confusion” by supporting explicit referencing of response threads (Cakir, Xhafa, Zhou & Stahl, 2005; Fuks, Pimentel & de Lucena, 2006). We decided to adopt and adapt ConcertChat, a research chat environment with special referencing tools (Mühlpfordt & Wessner, 2005). By collaborating with ConcertChat’s developers, our educational researchers have been able to successively try out versions of the environment (see Figure 1) with groups of students and to gradually modify the environment in response to what we find by analyzing the chat logs. 

	[image: Image]

	Figure 1. Screen view of ConcertChat with referencing. The image has been modified to show graphical references from chat lines 1, 5, 10 and 12 to the whiteboard. The drawing from the whiteboard has been duplicated in the figure’s margin twice to accommodate this. Only the reference from a single selected chat line would actually appear at any given time.

	The ConcertChat environment allows for a variety of referencing methods in math chats:

	
		Referencing the whiteboard from a posting. When someone types a new chat message, they can select and point to a rectangular area in the whiteboard. When that message appears in the chat as the last posting or as a selected posting, a bold line appears connecting the text to the area of the drawing (see Figure 1).

		Referencing between postings. A chat message can point to one or more earlier textual postings with a bold connecting line, like whiteboard references. ConcertChat includes a threaded view of the chat postings that, based on the explicit references between postings, displays them like a typical threaded discussion with responses indented under the posting that they reference.

		Referencing a recent drawing. The shared whiteboard allows chat participants to create drawings. As new objects are added to the drawing by participants, an implicit form of referencing occurs. Participants typically refer with a deictic term in their textual chat to a new addition to the drawing, whose recent appearance for the group makes it salient.

		Linguistic referencing. Of course, one can also make all the usual verbal references to an object on the whiteboard or posting in the chat stream: using deictic terms (that, it, his, then); quoting part of an earlier posting; or citing the author of a previous posting.



	In May 2005, we conducted a series of chats using ConcertChat (VMT SpringFest 2005). We formed five virtual math teams, each containing about four middle-school students selected by volunteer teachers at different schools across the USA. The teams engaged in online math discussions for four hour-long sessions over a two-week period. They were given a brief description of a non-traditional geometry environment: a grid-world where one could only move along the lines of a grid (Krause, 1986). The students were encouraged to come up with their own questions about the grid-world, such as questions about shortest paths between points A and B in this world (as in Figure 1).

	The chats were each facilitated by a member of our research project team. The facilitator welcomed students to the chat, pointed them toward the task, briefly demonstrated the graphical referencing tool and then kept generally quiet until it was time to end the session. We then analyzed the resultant chat logs in order to draw design implications for revising the tools and the service.

	An Analysis of a Case of Referencing

	The chat log excerpt visible in Figure 1 is reproduced in Log 1 (with line numbers added to enable referencing in this Investigation). In this interactional sequence, two students discuss parts of a drawing that has already been constructed in the shared whiteboard by the larger group to which they belong. The group had created the drawing as part of discussions about shortest paths between points A and B in a grid-world. In particular, a red triangle, ABD, was drawn with sides of length 4, 6 and 2√13. A thick black staircase line was drawn as a path on the grid from A to B. In this excerpt, the students propose a math problem involving this drawing.

	 

	1       ImH:      what is the area of this shape? [REF TO WB] 

	2       Jas:      which shape? 

	3       ImH:      woops 

	4       ImH:      ahh! 

	5       Jas:      kinda like this one? [REF TO WB] 

	6       Jas:      the one highlighted in black and dark red?

	7       ImH:      between th stairs and the hypotenuse

	8       Jas:      oh

	9       Jas:      that would be a tricky problem, each little 

	“sector” is different

	10       Jas:      this section [REF TO WB]] 

	11       ImH:      perimeter is 12root3

	12       Jas:      is smaller than this section [REF TO WB] 

	13       ImH:      assume those lines are on the blocks

	14       Jas:      the staircase lines?

	15       ImH:      yea

	16       Jas:      they already are on the blocks

	Log 1. Line numbers have been added and names anonymized. Graphical references to the whiteboard are indicated by “[REF TO WB].”

	The message in line 1 of the chat excerpt (see Log 1) makes a bid at proposing a mathematical question for the group to consider: “What is the area of this shape?” This is accompanied by a graphical reference to the whiteboard. The reference does not indicate a specific area—apparently ImH did not completely succeed in properly using this new referencing tool. Line 2 raises the question, “Which shape?” pointing out the incompleteness of the previous message’s reference. The proposal bid in line 1 calls for a proposal response, such as an attempt to answer the question. However, the question was incompletely formed because its reference was unclear, so it received a call for clarification as its immediate response. Lines 3 and 4 display a recognition and agreement of the incomplete and problematic character of the referencing. 

	Lines 5 and 6 offer a repair of line 1’s problem. First, line 5 roughs in the area that may have been intended by the incomplete reference. It includes a complete graphical reference that points to a rectangular area that includes most of the upper area of rectangle ACBD in the drawing. The graphical referencing tool only allows the selection of rectangular areas, so line 5 cannot precisely specify a more complicated shape. The text in line 5 (“kinda like this one?”) not only acknowledges the approximate nature of its own referencing, but also acknowledges that it may not be a proper repair of line 1 (by ending with a question mark) and accordingly requests confirmation from the author of line 1. At the same time, the like reflects that this act of referencing is providing a model of what line 1 could have done. Peer instruction in the use of the software is taking place among the students as they share the group’s growing understanding of the new chat environment. 

	Line 5 is accompanied by line 6, which provides a textual reference or specification for the same area that line 5 pointed to: the one highlighted in black (the staircase line) and dark red (lines AC and CB). The inexact nature of the graphical reference required that it be supplemented by this more precise textual reference. Note how the sequence of indexical attempts in lines 1, 2, 5 and 6 successively focuses shared attention on a more and more well-defined geometric object. This is an interactive achievement of the group. The reference was not a simple act of an individual. Rather, it was accomplished through an extended interaction between ImH and Jas, observed by others and situated among the math objects constructed by the whole group of students in the chat room environment.

	Lines 5 and 6 were presented as questions calling for confirmation by ImH. Clarification follows in line 7 from ImH: “between the stairs and the hypotenuse.” Line 8’s “Oh” signals mutual understanding of the evolving reference and the establishment of an agreed upon boundary object (Star, 1989) for carrying on the mathematical investigation incompletely proposed in line 1. Now that the act of referencing has been successfully completed by the group, the group can use the referenced area as a mathematical object whose definition or meaning is intersubjectively understood. Viewed at the individual unit of analysis, the referenced area can serve as a boundary object shared among the interpretive perspectives of the interacting individuals. In other words, it becomes part of the common ground (Clark & Brennan, 1991) shared by the students. The referencing interaction established or grounded this. Note, however, that what took place was not an aligning of pre-existing individual opinions—as the theory of common ground is often taken to imply—but a group process of co-constructing a shared reference through a complex interaction involving many resources and social moves.

	Now that a complete reference has been constructed to a math object that is well enough specified for the practical purposes of carrying on the chat, Jas launches into the problem solving by raising an issue that must first be dealt with. Line 9 says that calculating the area now under consideration is tricky. The tricky part is that the area includes certain little “sectors” whose shapes and areas are non-standard. Line 9 textually references “each little ‘sector’.” Little refers to sub-parts of the target area. Each indicates that there are several such sub-parts—and sector, put in scare quotes, is proposed as a name/description of these hard-to-refer-to sub-parts. 

	Clarification of the reference to sectors is continued by lines 10 and 12. These lines compare two sectors, demonstrating that they are different by showing that one is smaller than the other. Lines 10 and 12 reference two different sectors, both with the same textual, deictic description: this section. It is possible to use the identical description twice here because the text is accompanied by graphical references that distinguish the two sectors. Line 10 points to the small grid square inside of rectangle ACBD in the upper left-hand corner adjacent to point A. Line 12 points to the next grid down the hypotenuse (see Figure 1). 

	Because of the limitations of the graphical reference tool, lines 10 and 12 can only indicate the squares of the grid, not the precise odd-shaped sectors that are of concern in the group discourse. On the other hand, the textual clause, this section has been given the meaning of the odd-shaped sub-areas of the area “between the stairs and the hypotenuse,” although it cannot differentiate easily among the different sections. The carefully constructed combination of graphical and textual referencing accomplished in lines 10 and 12 was needed to reference the precise geometric objects. The combination of the two textual lines, with their two contrasting graphical references, joined into one split sentence was necessary to contrast the two sectors and to make visible the tricky circumstance. In this way, the discourse succeeded in constituting the complicated geometric sectors despite the limitations of the tool on its own and of textual description by itself.

	Line 13 responds to the tricky issue by treating it as a non-essential consequence of inaccurate drawing. By proposing that the group “assume those lines are on the blocks,” this posting treats the difference among the sectors as due to the inaccuracy of the drawing of the thick black staircase line in not precisely following the grid lines. Physical drawings are necessarily rough approximations to idealized mathematical objects in geometry. Lines drawn with a mouse on a computer screen tend to be particularly rough representations. The implication of line 13 is that the tricky issue is due to the inaccurate appearance of the lines, but that the faults of the physical drawing do not carry mathematical weight and can be stipulated away. However, line 14 questions this move. It first makes sure that line 13’s reference to those lines was a reference to the staircase lines that form part of the perimeter of the target area and of its different-sized sectors. When line 15 confirms that line 13 indeed referenced the staircase lines, line 16 responds that “they already are on the blocks”—in other words, the tricky situation was not due to inaccuracies in the drawing, but the staircase lines were indeed already taken as following the grid for all practical purposes. The problem was still seen to be a tricky one once the mathematical object was clearly referenced and specified.

	We see here that referencing can be a complex process in online mathematical discourse. In a face-to-face setting, the participants could have pointed to details of the drawing, could have gesturally described shapes, could have traced outlines or shaded in areas either graphically or through gestures with ease. Conversationally, they could have interrupted each other to reach faster mutual orientation and understanding. Online, the interaction is more tightly constrained and burdensome due to the restricted nature of the affordances of the software environment. On the other hand, we have seen that middle-school students who are new to the graphical tools of ConcertChat, as well as to online collaborative mathematics, can call upon familiar resources of textual language, drawing, pointing and school mathematics to construct interaction methods that are seen to be amazingly sophisticated, efficient, creative and effective when analyzed in some detail.

	Methods of Making Referential Sense

	We have here only been able to look at what took place in a single effort to reference a mathematical object. In the series of chats that this effort was taken from, we observed groups of students engaging in a variety of other referencing methods within this version of ConcertChat. (For additional uses of the referencing tool, see Mühlpfordt & Wessner, 2005). Common methods used by groups in our chats included the following:

	
		Graphical references to previous messages were sometimes used to make salient a message from relatively far back in the chat. Without the graphical referencing functionality, this would have required a lengthy textual explanation justifying change of topic and quoting or describing the previous message.

		Some students used graphical references to previous messages to specify a recipient for their new posting. If a student wanted to address a question to a particular student rather than to the group as a whole, he or she would accompany the question with a graphical reference to a recent posting by that student. (This was a use of graphical referencing not at all anticipated by the ConcertChat software tool designers or VMT researchers.)

		It is common in chat for someone to spread a single contribution over two or more postings (e.g., lines 10 and 12). In conversation, people often retain their turn at talk by indicating that they are not finished in various ways, such as saying “ummm.” In generic chat systems, people often end the first part of their contribution with an ellipsis (…) to indicate that they will continue in a next posting. In ConcertChat, students sometimes graphically referenced their first posting while typing their second. Then the two parts would still be tied together even if someone else’s posting (like line 11) appeared in the meantime.

		Similarly, students graphically referenced their own previous posting when repairing a mistake made in it. The reference indicates that the new posting is to replace the flawed one.

		In chat, where the flow of topics is not as constrained as in conversation, it is possible for multiple threads of discussion to be interwoven. For instance, line 11 starts to discuss perimeter while area is still being discussed. Graphical references are used to tie together contributions to the same thread. For instance, line 12 might have referenced line 10 graphically.

		The graphical referencing tool is treated as one of many available referencing resources. Deictic terms are frequently used—sometimes in conjunction with graphical referencing (e.g., line 5). 

		In textual chat, as in spoken conversation, sequential proximity is a primary connection. By default, a posting is a response to the immediately preceding post. Chat confusion arises because sequentiality is unpredictable in chat; people generally respond to the most recent posting that they see when they start to type, but by the time their response is posted other postings may intervene. Interestingly, the recency of drawings may function as a similar default reference. Students frequently refer to a line that was just added to the whiteboard as that line without needing to create a graphical reference to it.

		Of course, purely textual references are also widely used to point to postings, people, groups, drawings, abstractions and math objects.



	The many forms of referencing in chat tie together the verbal and graphical contributions of individual participants into a tightly woven network of shared meaning. Each posting is connected in multiple ways—explicit and implicit—to the flow of the shared chat (Stahl, 2005). The connections are highly directional, granting a strong temporality to the chat experience (hard to fully appreciate from a static log). 

	The being-there-together in a chat is temporally structured as a world of future possible activities with shared meaningful objects. The possibilities for collaborative action are made available by the social, pedagogical and technical context (world, situation, activity structure, network of relevant significance) (Heidegger, 1927/1996, §18). While the shared context is opened up, enacted and made salient by the group in its chat, aspects of the discourse context appear as designed, established or institutionalized in advance. They confront the participants as a world filled with meanings, priorities, resources and possibilities for action. An online environment is a world whose features, meanings and co-inhabitants are initially largely unknown. 

	We are interested in providing cognitive tools to help groups of students navigate worlds of online collaborative mathematical discourse. We want to support their efforts to build collaborative knowledge. Since the Greeks and especially following Descartes, the issue of how people can know has been called “epistemology.” We have seen in our case study that methods of referencing can play an important role in grounding the construction of shared knowledge in an environment like VMT. Conceptually, referencing can be seen as a key to the question of how groups can construct collaborative knowledge, how they can know.

	Epistemology of Referencing

	Referencing is a primary means for humans to establish joint attention and to make shared meaning within a (physical or virtual) world in which they find themselves together. Vygotsky, in a particularly rich passage, described the interactional origin of pointing as an example of how gestures become meaningful artifacts for individual minds through social interaction: 

	A good example of this process may be found in the development of pointing. Initially [e.g., for an infant], this gesture is nothing more than an unsuccessful attempt to grasp something, a movement aimed at a certain object which designates forthcoming activity…. When the mother comes to the child’s aid and realizes this movement indicates something, the situation changes fundamentally. Pointing becomes a gesture for others. The child’s unsuccessful attempt engenders a reaction not from the object he seeks but from another person. Consequently, the primary meaning of that unsuccessful grasping movement is established by others…. The grasping movement changes to the act of pointing. As a result of this change, the movement itself is then physically simplified, and what results is the form of pointing that we may call a true gesture. (Vygotsky, 1930/1978, p. 56, italics added) 

	The pointing gesture is perhaps the most fundamental form of deictic referencing. In its origin where the infant begins to be socialized into a shared world, the meaning of the gesture emerges interactionally as the participants orient to the same object and recognize that they are doing so jointly. This fundamental act of collaborative existence simultaneously comes to be symbolized for them by the pointing gesture, which is practiced, repeated and abstracted by them together over time and thereby established as meaningful. The mother and infant become an organic small group, caring for shared objects by being-in-the-world-together and understanding as collaborative practice the symbolic meaning of the physical gesture as a referencing artifact.

	In grasping, the infant’s being-in-the-world is intentionally directed at the object; the existence of the pointing infant is a being-at-the-object (Husserl, 1929/1960). When the mother joins the infant by transforming his individual grasp into a joint engagement with the object, the intentionality of the infant’s grasp becomes intersubjective intentionality, constituting the infant and mother as being-there-together-at-the-object (Heidegger, 1927/1996, §26). For Husserl, consciousness is always consciousness-of-something. Human consciousness is intentional in the sense that the conscious subject intends an object, so that the subject as consciousness is at the object (i.e., not “in the head”). Heidegger transformed this idealist conception into an embedded analysis of human being-there as being involved in the world. Heidegger’s analysis builds up to the brink of a foundational social philosophy of being-there-together, but then retreats to an individualistic concern with the authentic self (Nancy, 2000; Stahl, 1975). Vygotsky points the way to a fully social foundation, interpreting Marx’ social praxis in social-psychological terms, such as in the intersubjective interaction of the infant-mother bonding.

	Epistemology as a philosophic matter is a consequence of the Platonic and Cartesian separation of mind and meaning from the physical existence of objects in the world. The “problem of epistemology” is the question of how the mind can know facts—how one can bridge the absolute gulf that Plato (Plato, 340 BCE) and Descartes (1633) drew between the mental realm of ideas and the physical world of matter. 

	Vygotsky’s social philosophy overcomes this problem by showing how interactions among people achieve shared involvement in the world. In Descartes’ system, there was no way to put together the mother’s understanding, the infant’s understanding, the physical grasp and the symbolic meaning of pointing. In Vygotsky’s analysis, the interaction between mother and infant creates the shared meaningfulness of the pointing grasp as an intersubjectively achieved unity. There is no longer any reason to ask such questions as: where the meaning of the gesture is, how does the mother know the infant’s intention, or whether there is common ground. These are pseudo-problems caused by trying to reduce a social phenomenon at the group unit of analysis to issues at an individual unit of analysis. 

	These philosophical issues are intimately related to issues of empirical methodology. They imply that certain matters should be analyzed as group phenomena and not reduced to individual psychic acts or mental representations.

	As researchers, we can empirically observe new referencing gestures being created within interactions among collaborating people, particularly when their interaction is taking place via a new medium that they must learn how to use. In the analysis above, a chat posting—“What is the area of this shape?”—constitutes the participants in the chat as a group by designating them as the intended collective recipient and as the expected respondent to the question (Lerner, 1993). The group is the intended agent who will work out the mathematics of the proposal to compute the area. Simultaneously, by referencing a mathematical object (“this shape”), the posting constitutes the group as a being-there-together-at-the-object—at an object that is constituted, identified, referenced and made meaningful by the group interaction. 

	We saw how both these aspects of being a group and maintaining the group’s joint attention necessitated considerable interactional work by the participants. Before the elicited answer about area could be given in response to the question, the group had to negotiate what it as a group took the object to be. Also, it required a number of actions for group participants to co-construct the shared object and their being-there-together-at-the-object. In attempting to do this, they constituted themselves as a group and they established referential gestures and terms that took on the shared meaning of intending the new math object. 

	The interactional work of the group involved making use of the resources of the environment that mediated their interaction. This is particularly noticeable in online interaction. Vygotsky’s infant and mother could use fingers, gaze, touch, voice. Online participants are restricted to exchanging textual postings and to using features of the mediating software (Garcia & Jacobs, 1999; Stahl, 2006b). The chat participants must explicitly formulate through text, drawings or graphical references actions that can be observed by their fellow group members. These actions are also available to researchers retroactively.

	The textual interactions in the chat excerpt as the cognitive actions of the group are in intimate contact with the details of the drawing as the physical intentional object. For instance, as we saw above, in the interchange in lines 13 to 16 the group attention is focused on a particularly interesting and ambiguous drawn line. Group methods of proceeding often involve adjacency pairs, sequences of utterances by different people that construct group meaning and social order through their paired unity. The meaning is constituted at the group unit of analysis by means of the interaction of the pair of utterances, not as a presumed pre-interactional meaning in the heads of individuals. 

	Line 13 is a bid at opening up a math proposal adjacency pair (Stahl, 2006b) [Investigation 25]: it offers a new step for mathematical discussion and elicits an uptake response from the rest of the group. Line 16 is the elicited response that takes up the bid with a kind of repair. It indicates that the proposed assumption is unnecessary and thereby attempts to re-establish a shared understanding of the situation. Lines 14 and 15 form a question/answer adjacency pair inserted in the middle of the proposal pair in order to make sure that the group really is together at the same detail of their shared math object. 

	The issue that is worked out by the group as it looks carefully at the drawing together, illustrates the subtlety of abstract mathematical thinking that the group is engaged in as a group. The issue involves the lines that were drawn with the whiteboard’s rough cognitive tools for drawing and whether or not these lines coincide with lines of the grid (i.e., if the group should “assume those lines are on the blocks”). The issue is not one that is resolved by a close analysis of the actual pixels on the screen. Rather, it is a conceptual question of the meaning of those lines for the group: What do they mean in the drawing and how should they be taken by the group in its math discourse? 

	In being together at the lines, the group makes sense of the meaning of the lines. There is no separation of fact and meaning here—or, if there is, the group interaction engages in meaning-making processes that fluidly overcome such a gulf. This is particularly important in math discourse, where rough sketches are used to represent (mean and reference) abstract objects. Maintaining a shared understanding by a group of students working in a mathematical context like this is a subtle and intricate matter.

	As designers of online education, we are interested in understanding how students collaboratively create new communicative gestures or interactional methods, including ways of referencing objects for joint consideration. More generally, an interactional understanding of referencing and meaning making leads to a theory of group cognition—rather than individual cognition based on mental representations—as a basis for studying collaborative learning (Stahl, 2006a). 

	All the technical terms like cognition, intentionality, reference, sense making, temporality and learning needed to articulate a theory of group cognition must be re-conceptualized at the group unit of analysis. In some cases, the nature of these phenomena is actually easier to see at the group level, where participants have to make things visible to each other in order to coordinate their actions as group activities, as was the case with referencing in the excerpt discussed above.

	Pedagogy of Referencing Math Objects

	Our case study suggests that cognitive tools for referencing can be important supports for group cognition and collaborative knowledge building, particularly in a setting of computer-supported collaborative mathematics.

	In the investigation reported here, we tried to encourage relatively open-ended explorations of mathematical inquiry by online teams of math students. We presented them with a non-traditional form of geometry in which notions like distance, area or shortest-path have to be renegotiated—i.e., the meanings of these terms must be jointly constructed anew. While trains of inquiry can go in many directions, in a collaborative effort each step of the path may be clarified and shared. New math objects emerge and develop out of the discourse, including both geometric figures (the tricky area) and terminology (“distance along the grid”). 

	In this Investigation, the analysis of a snippet of a group-cognitive process in a concrete empirical case has suggested the centrality of joint referencing to collaboration. This may serve as an additional clarification of what is meant by defining collaboration as “a continued attempt to construct and maintain a shared conception of a problem … an emergent, socially-negotiated set of knowledge elements that constitute a Joint Problem Space” (Roschelle & Teasley, 1995, p. 70) and what goes into actually doing such a thing. 

	The persistent whiteboard serves as a “group external memory” that plays a useful role in grounding shared understanding at the scale of analysis of CSCL problem solving (Dillenbourg & Traum 2006, p. 122f). The view of the whiteboard as the group’s evolving joint problem space contrasts with Clark & Brennan’s (1991) psycholinguistic version of common ground as located in individual minds. The intertwining uses of the dual workspaces of whiteboard and chat mirror the intertwining of content space and problem space that is characteristic of collaborative learning (Barron, 2003, p. 310). 

	Given the complexity resulting from dual spaces—whether split for work vs. reflection (Fischer et al., 1998; Schön, 1983) or transitory vs. persistent (Dillenbourg & Traum 2006, p. 143f)—and the concomitant substantially increased burden of coordination within the group, we can clearly see the importance of cognitive tool support for referencing from one space to the other—e.g., from text chat to graphical workspace.

	Referencing in mathematical worlds has its own domain-specific characteristics and priorities. Widespread conceptions of math learning as the memorization of “math facts” or the mastery of formulaic algorithmic solutions are oriented to the routine application of arithmetic rather than to the creative process that inspires mathematicians. The history of mathematics as a branch of scientific inquiry and knowledge building is a systematic unfolding of new domains through the shared construction of new math objects, like complex numbers, fractals, curved spaces. To share these created math objects as boundary objects within their discourse community, mathematicians have had to define new vocabularies, symbols and representations for referencing objects that do not exist as such in the physical world. Referencing such abstractions presents special cognitive challenges.

	People who do not understand mathematical references can scarcely be expected to share the wonder and excitement that mathematicians feel who can see what is being referenced (Lakoff & Núñez, 2000). It is likely that much of the general population simply does not share the understanding of what is referenced in most mathematical proofs and discussions. Since our goal is to increase mathematical appreciation and participation through opportunities for online math discourse, we are keen to support shared referencing in our environments with effective cognitive tools.
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Investigation 25. Structuring Problem Solving

	Gerry Stahl

	Abstract. To develop a science of small-group interaction in collaboration software, we need a method for analyzing the structure of computer-mediated discourse that complements our theory of group cognition. We need an approach to understanding the structure of interaction during group sessions of mathematical problem solving and similar group-cognitive activities. Conversation analysis offers an analysis of conversational talk in terms of a fine structure of adjacency pairs and offers some suggestions about longer sequences built on these pairs. 

	This Investigation presents a case study of students solving a math problem in an online chat environment. It shows that their problem-solving discourse consists of a sequence of exchanges, each built on a base adjacency pair and each contributing a move in the longer sequences of the solution process. 

	Keywords. Adjacency pair, longer sequence, conversation analysis, discourse, problem solving.

	Structuring Group Cognition at Multiple Levels

	Information, people and technology converge in a practical way in online collaborative problem solving. My colleagues and I have been pursuing a research agenda aimed at investigating how to support online collaborative problem solving. We have focused on the domain of school mathematics—especially beginning algebra and geometry—where students learn formal techniques and tacit practices of solving abstract problems. This is perhaps the most perspicuous occasion for observing the development of abstract thinking, including systematic problem solving. In a collaborative context, students have to demonstrate to each other what they are doing and why. As researchers studying such interactions, we find that mechanisms of group problem solving can become visible in this context.

	Our research—such as that reported here—confirms that there are distinctive processes of information use in problem solving at the small-group unit of analysis. These processes should not be reduced to either the individual psychological level or the larger social community level—despite the fact that groups are physically composed of individuals and that they are embedded in socio-historical contexts. A small group of young students does not solve a problem the way that an individual adult does or the way a mathematical algorithm would indicate. Group cognition is distinct from both individual and social cognition. While an approach methodologically focused on the group unit of analysis is in line with current post-cognitive theories, it is rarely carried out consistently at that level.

	We developed the Virtual Math Teams (VMT) environment and invited students to work in online groups for up to eight hour-long sessions. We presented challenging problems for them to explore together and encouraged them to pursue their own questions. The environment was instrumented to capture a complete and accurate record at the group unit of analysis—i.e., all text-chat postings, all drawing actions and all social awareness messages that were displayed to the group. As researchers, we can replay the group interaction and view it as it appeared to the group or browse it in as much detail as needed for analysis.

	Because we are pursuing design-based research to improve the VMT environment, we are not oriented toward theoretical hypotheses, statistical generalizations, individual mental representations or socio-cultural influences—except to the extent that they manifest themselves within the group interaction. Rather, we try to understand the situated processes that take place at the group level of description in actual case studies. In particular, we look at the ways in which groups of math students use information and solve problems in our environment so that we can design improved socio-technical supports for their collaborative online problem solving.

	We have tried a variety of research approaches in the VMT Project, including coding, statistical comparison, modeling, uptake analysis, conversation analysis, critical ethnography and discourse analysis. In general, we have found the most insightful approach to involve adapting ethnomethodologically inspired conversation analysis (CA) to our context of online text chat by math students.

	In Investigation 24, I claimed that the discourse of group cognition has a hierarchical structure, typically including the following levels: 

	
		Group event: E.g., Team B’s participation in the VMT Spring Fest 2006.

		Temporal session: Session 3 of Team B on the afternoon of May 16, 2006.

		Conversational topic: Determining the number of sticks in a diamond pattern.

		Discourse move: A stage in the sequence of moves to accomplish discussing the conversational topic.

		Adjacency pair: The base interaction involving two or three utterances, which drives a discourse move.

		Textual utterance: A text chat posting by an individual participant, which may contribute to an adjacency pair.

		Indexical reference: An element of a textual utterance that points to a relevant resource. 



	The multi-layered structure corresponds to the multiplicity of constraints imposed on small-group discourse—from the character of the lifeworld and of culture (which mediate macro-structure) to the semantic, syntactic and pragmatic rules of language (which govern the fine structure of utterances). A theory of group cognition must concern itself primarily with the analysis of mid-level phenomena—such as how small groups accomplish collaborative problem solving and other conversational topics. 

	The study of mid-level group-cognition phenomena is a realm of analysis that is currently underdeveloped in the research literature. For instance, many CSCL studies focus on coding individual (micro-level) utterances or assessing learning outcomes (macro-level), without analyzing the group processes (mid-level). Similarly, conversation analysis (CA) centers on micro-level adjacency pairs while socio-cultural discourse analysis is concerned with macro-level identity and power, without characterizing the interaction patterns that build such macro phenomena out of micro-elements. Understanding these mid-level phenomena is crucial to analyzing collaborative learning, for it is this level that largely mediates between the interpretations of individuals and the socio-cultural factors of communities.

	In the current Investigation, we will see how a small group of students collaborating online constructed a coherent longer sequence, through which they solved the problem that they had posed for themselves. In particular, we will look at the final conversational topic in Session 4 of the same virtual math team whose Session 3 is analyzed in Investigation 24. 

	Methodologically, it is important to note that the definition of the longer sequence—like that of the other levels of structure listed above—is oriented to by the discourse of the students and is not simply a construct of the researcher.

	An Analytic Method

	I have tried to apply our approach based on CA in a systematic way to the analysis of VMT chat logs. Schegloff’s (2007) book on Sequence Organization in Interaction: A Primer in Conversation Analysis represents the culmination of decades of CA analysis. As indicated by its subtitle, it provides a useful primer in CA. My goal here is to extend the CA approach based on short sequences of utterances to analyze the larger scale interactions of group problem solving in VMT.

	Schegloff’s presentation highlights the central role of the adjacency pair as the primary unit of sequence construction according to CA. An adjacency pair is composed of two turns by two different people, with an interactional order, such as a question followed by an answer to the question. The simple two-turn pair can be extended with secondary adjacency pairs that precede, are inserted between or follow up on the base pair, potentially recursively. This yields “extensive stretches of talk which nonetheless must be understood as built on the armature of a single adjacency pair, and therefore needing to be understood as extensions of it” (p. 12). 

	These “extensive stretches of talk” are still focused on a single interaction of meaning making, and not a larger cognitive achievement like problem solving, involving multiple steps. However, both Sacks and Schegloff provide only vague suggestions about the analysis of longer sequences. These suggestions have not been extensively developed within CA. This essay is an attempt to explore them in an online text-chat context.

	Schegloff (2007) briefly takes up “larger sequence structures to which adjacency pairs can give rise and of which they may be building blocks … such as sequences of sequences” (p. 12). One way in which a sequence (an extended adjacency pair) may be related to, yet separate from, a previous, completed adjacency pair “is that it implements a next step or stage in a course of action, for which the just-closed sequence implemented a prior stage” (p. 213). Note the two-way reference, with the second stage having the character of a next, but also the first stage having the character of a prior. This is analogous to the two parts of a simple adjacency pair according to Schegloff: 

	Adjacency pair organization has (in addition to the backwards import just described) a powerful prospective operation. A first pair part projects a prospective relevance, and not only a retrospective understanding. It makes relevant a limited set of possible second pair parts, and thereby sets some of the terms by which a next turn will be understood—as, for example, being responsive to the constraints of the first pair part or not. (p. 16)

	The adjacency-pair structure was first discussed extensively by Sacks (1965/1995, II 521-569). In these seminal lectures, he also briefly discussed long sequences. Here, his main point was to state that little is known about the structure of long sequences; that the analytic problem is in principle harder; and that, in particular, it is wrong to assume that an analysis at the level of adjacency pairs will be useful to understanding the co-construction of long sequences: 

	It turns out that one central problem in building big packages is that the ways the utterances that turn out to compose the package get dealt with as single utterances or pairs of utterances or triplets of utterances, etc., may have almost no bearing on how they’re to be dealt with when an attempt is made to build the larger package. (II p. 354)

	The analyses provided by CA come primarily from the study of American adults conducting face-to-face, verbal, informal, social conversation, although some of the early data came from distance conversations by telephone and the field has broadened its sources considerably more recently. However, we must be careful when applying CA methods to online, text-based, learning-related discourse about mathematics by students. Along these lines, Schegloff (2007) warns about his presentation: 

	Note that this discussion is focused on conversation in particular. Because different organizations of turn-taking can characterize different speech-exchange systems (Sacks, Schegloff & Jefferson, 1974, n. 11 729-731), anything that is grounded in turn-taking organization may vary with differences in the turn-taking organization. It is a matter for empirical inquiry, therefore, how the matters taken up in the text are appropriately described in non-conversational settings. (p. 15n)

	As we have frequently argued (e.g., Stahl, 2006; 2009c; Stahl, Koschmann & Suthers, 2006), we believe that adapting CA to computer-mediated communication offers the best prospects for analysis of interaction in socio-technical environments like VMT. The preceding review of the topics of adjacency pairs and long sequences indicates that it is an empirical question how well this proposed adaptation might work in specific cases. We designed and conducted the VMT Project from 2003 to 2015 in order to produce a corpus of data that could be analyzed in as much detail as needed to determine the structure of group cognition, that is, of collaborative knowledge building through interaction at the group unit of analysis.

	In looking at the VMT data corpus, the VMT research team has clearly seen the differences between online text chat and verbal conversation. The system of turn taking so important in CA (Sacks et al., 1974) does not apply in chat. Instead, chat participants engage in reading’s work (Zemel & Çakir, 2009), in which “readers connect objects through reading’s work to create a ‘thread of meaning’ from the various postings available for inspection” (p. 274f). The first and second parts of an adjacency pair may no longer be literally temporally adjacent to each other, but they still occur as mutually relevant, anticipatory and responsive. The task of reading’s work—for both participants and analysts—typically includes reconstructing the threading of the underlying adjacency-pair response structure (Stahl, 2009b). 

	In CA, adjacency pairs are related to both issues of timing (turn taking) and of sequentiality (response). In chat, they retain their importance solely as sequential, in order to maintain interaction in the absence of turn taking. We have tried to explore the larger sequential structure of problem-solving chat by using the CA notion of openings and closings (Schegloff & Sacks, 1973). VMT researchers looked at several math chats from 2004, which used a simple chat tool from AOL. We coded and statistically analyzed the fine-structure threading of adjacency pairs (Çakir, Xhafa & Zhou, 2009). In addition, we defined long sequences based on when opening and closing adjacency pairs achieved changes in topic (Zemel, Xhafa & Çakir, 2009). These long sequences were graphed to show their roles in constituting the chat sessions, but their internal sequential structures were not investigated at that time.

	My colleagues and I have subsequently conducted numerous case studies from the VMT corpus. We have been particularly drawn to the records of Team B and Team C in the VMT Spring Fest 2006. These were particularly rich sessions of online mathematical knowledge building because these teams of students met for over four hours together and engaged in rich explorations of interesting mathematical phenomena. However, partially because of the richness of the interactions, it was often hard for analysts to determine a clear structure to the student interactions. Despite access to everything that the students knew about each other (team members were spread across the US) and about the group interaction, it proved hard to unambiguously specify the group-cognition processes at work (Medina, Suthers & Vatrapu, 2009; Stahl, 2009b; Stahl, Zemel & Koschmann, 2009).

	Therefore, in the following case study, I have selected a segment of Team B’s final session, in which the structure of the interaction seems to be clearer. The interaction is simpler than in earlier segments partially because two of the four people in the chat room leave. Thus, the response structure is more direct and less interrupted. In addition, the students have already been together for over four hours, so they know how to interact in the software environment and with each other. Furthermore, they set themselves a straightforward and well-understood mathematical task. The analysis of this relatively simple segment of VMT interaction can then provide a model for subsequently looking at the more complex data and seeing if it may follow a similar pattern.

	The Case Study

	Three anonymous students (Aznx, Bwang, Quicksilver) from US high schools met online as Team B of the VMT Spring Fest 2006 contest to compete to be “the most collaborative virtual math team.” They met for four hour-long sessions during a two-week period in May 2006. A facilitator was present in the chat room to help with technical issues, but not to instruct in mathematics.

	[image: Description: Description: Description: fig 0]

	Figure 1. Screenshot of the VMT environment showing the pattern of horizontal and vertical sticks in the stair-step figure.

	In their first session, they solved a given combinatorics problem, finding a mathematical formula for the growth pattern of the number of squares and the number of sticks making up a stair-step figure. They determined the number of sticks by drawing just the horizontal sticks together and then just the vertical ones (see Figure 1). They noticed that both the horizontals and the verticals formed the same pattern of 1 + 2 + 3 + … + n + n sticks at the nth stage of the growth pattern. They then applied the well-known Gaussian formula for the sum of consecutive integers, added the extra n, and multiplied by 2 to account for both the horizontal and vertical sets of sticks.

	In the second session, they explored problems that they came up with themselves, related to the stair-step problem, including 3-D pyramids. Here they ran into problems drawing and analyzing 3-D structures. However, they managed to approach the problem from a number of perspectives, including decomposing the structure into horizontal and vertical sticks.

	In the third session, Team B was attracted to a diamond-shaped variation of the stair-step figure, as explored by Team C in the Spring Fest. They tried to understand how the other team had derived its solution. They counted the number of squares by simplifying the problem through filling in the four corners surrounding the diamond to make a large square; the corners turned out to follow the stair-step pattern from their original problem.

	In the fourth session, they discovered that the other team’s formula for the number of sticks was wrong. In the following, we join them an hour and 17 minutes into the fourth session, when one of the three students as well as the facilitator had to leave. 

	Problem-Solving Moves

	In this section, the interaction will be analyzed as a sequence of moves in the problem-solving interaction between Bwang and Aznx, the two remaining students. Each move is seen to include a base adjacency pair (changed to bold face in the logs), which provides the central interaction of the move and accomplishes the focal problem-solving activity. The captions given by the researchers to the log excerpts indicate the aim of the move, according to the analysis.

	In line 1734 of Log 1, Bwang states that the team is close to being able to solve the problem of the number of sticks in the nth stage of the diamond pattern, suggesting that they might stay and finish it. Note that this is the end of the last of the scheduled four sessions for the contest, despite some arrangements underway to allow the team to continue to meet.

	Log 1. Open a Topic

	
		
				LINE

				TIME

				AUTHOR

				TEXT OF CHAT POSTING

		

		
				1734

				08.17.20

				bwang8

				i think we are very close to solving the problem here

		

		
				1735

				08.17.35

				Quicksilver

				Oh great...I have to leave

		

		
				1736

				08.17.39

				Aznx

				We can solve on that topic.

		

		
				1737

				08.17.42

				Quicksilver

				Sorry guys

		

		
				1738

				08.17.45

				bwang8

				oh

		

		
				1739

				08.17.46

				Aznx

				It shouldn't take much time.

		

		
				1740

				08.17.47

				bwang8

				ok

		

		
				1741

				08.17.50

				Aznx

				k, bye Quicksilver

		

		
				1742

				08.17.52

				Quicksilver

				Just tell me the name of the room

		

		
				1743

				08.17.52

				bwang8

				bye

		

		
				1744

				08.18.14

				Gerry

				The new room is in the lobby under Open Rooms

		

		
				1745

				08.18.44

				Gerry

				It is under The Grid World. It has your names on it

		

		
				1746

				08.18.49

				Quicksilver

				[leaves the room]

		

		
				1747

				08.19.00

				Aznx

				Alright found it.

		

		
				1748

				08.19.04

				Aznx

				Thanks.

		

	

	 

	Aznx responds in line 1736, indicating—and implicitly endorsing the suggestion—that the team could indeed continue to work on the current topic. This opens the topic for the group.

	Quicksilver apologetically stresses that he must leave immediately. He just wants to know the location of the new chat room that the facilitator is setting up for the team to continue its math explorations on a future date. The facilitator supplies this information, and everyone says goodbye to Quicksilver. We ignore this other activity in our current analysis, and focus on the problem-solving interactions.

	Aznx expresses uncertainty about how to proceed now that Quicksilver has gone, and the facilitator has arranged things for the future. He questions whether he and Bwang need to go as well (Log 2). Bwang then reiterates his suggestion that they could stay and finish solving the problem. He argues that it should not take much longer. Bwang directly asks Aznx if he wants to solve the problem now.

	Log 2. Decide to Start

	
		
				1749

				08.19.12

				Aznx

				I guess we should leave then.

		

		
				1750

				08.19.34

				bwang8

				well do you want to solve the problem

		

		
				1751

				08.19.36

				bwang8

				i mean

		

		
				1752

				08.19.39

				bwang8

				we are close

		

		
				1753

				08.19.48

				Aznx

				Alright.

		

		
				1754

				08.19.51

				bwang8

				i don't want to wait til tomorrow

		

		
				1755

				08.19.53

				bwang8

				ok

		

	

	 

	Aznx agrees by responding to Bwang’s question in the affirmative. This effects a decision by the pair of students to start working on the problem right away. Bwang continues to argue for starting on the problem now—posting line 1754 just 3 seconds after Aznx’ agreement, probably just sending what he had already typed before reading Aznx’ response. Bwang then acknowledges the response.

	Once a decision has been made to solve the problem, the question of how to approach the problem is raised in line 1756 (Log 3). Bwang immediately lays out his approach in lines 1757, 1759, 1764 and 1765. The approach is the same as they used in the first session: visualize just the vertical or just the horizontal sticks. The two sets follow the same pattern. In fact, the diamond is also symmetric left/right and top/bottom, so the vertical sticks can be divided left/right into two identical sets and the horizontal sticks can be divided top/bottom. This produces four identical sets of sticks (color-coded in Figure 2), each having rows of 1, 3, 5, 7, … sticks, up to (2n-1) for the nth stage of the diamond pattern.

	Log 3. Pick an Approach

	
		
				1756

				08.19.55

				Aznx

				How do you want to approach it?

		

		
				1757

				08.20.14

				bwang8

				1st level have 1*4

		

		
				1758

				08.20.20

				Gerry

				You can put something on the wiki to summarize what you found today

		

		
				1759

				08.20.29

				bwang8

				2st level have (1+3)*4

		

		
				1760

				08.20.32

				Aznx

				bwang you put it.

		

		
				1761

				08.20.35

				Aznx

				for the wiki

		

		
				1762

				08.20.37

				bwang8

				ok

		

		
				1763

				08.20.42

				Aznx

				we actually did quite a lot today

		

		
				1764

				08.20.53

				bwang8

				3rd level have (1+3+5)*4

		

		
				1765

				08.21.05

				bwang8

				4th level have (1+3+5+7)*4

		

		
				1766

				08.21.10

				Gerry

				This is a nice way to solve it
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	Figure 2. A representation (not from the data) of the diamond figure at stage n=4, color-coding the sticks in four identical (symmetric) sets.

	Interspersed with this defining of the approach is a reminder from the facilitator to summarize the team’s work on the Spring Fest wiki for other teams to see, motivating this with a word of encouragement about the team’s work. 

	Aznx has previously been oriented toward finding patterns of growth in the mathematical objects the group has been exploring. Often, someone will create a graphical representation of the object in such a way that it makes the pattern visible. Aznx will then formulate a textual description of the pattern. Then the group will work on a symbolic representation to capture the pattern in a mathematical formula. (See (Çakir, Zemel & Stahl, 2009) [Investigation 12] for an analysis of the intertwining of graphical/visual, textual/narrative and symbolic/mathematical modes of interaction within the work of Team C.)

	Here, in line 1767 (Log 4), Aznx describes the pattern as involving adding numbers that successively increase by 2. The number of sticks in a given stage of the diamond shape is a sum of numbers that start at 1 and increase successively by 2. When going from one stage to the next, one simply adds another number to this sum that is 2 more than the highest previous one.

	Log 4. Identify the Pattern

	
		
				1767

				08.21.12

				Aznx

				So it's a pattern of +2s?

		

		
				1768

				08.21.15

				Aznx

				Ah ha!

		

		
				1769

				08.21.15

				bwang8

				yes

		

		
				1770

				08.21.20

				Aznx

				There's the pattern!

		

	

	 

	Aznx presented his description as a question and Bwang affirmed it at the same time as Aznx posted line 1768. Aznx then emphasized that they had discovered the pattern. 

	Bwang indicates that the next step in their work is to “find an equation that describes the pattern” (line 1771, Log 5). Aznx asks Bwang to let him state the equation, implicitly agreeing that this is the next step by trying to produce the equation.

	Log 5. Seek the Equation

	
		
				1771

				08.21.39

				bwang8

				now we have to find a equation that describe that pattern

		

		
				1772

				08.21.49

				Aznx

				Hold on.

		

		
				1773

				08.21.51

				Aznx

				I know it.

		

		
				1774

				08.21.57

				bwang8

				what is it

		

		
				1775

				08.21.58

				Aznx

				But I'm trying to remember it. =P

		

		
				1776

				08.22.04

				Aznx

				and explain it as well.

		

		
				1777

				08.22.17

				Aznx

				try and think of it

		

		
				1778

				08.22.53

				Gerry

				Maybe Quicksilver can come back here tomorrow or next week to finish it with you

		

		
				1779

				08.23.01

				Gerry

				I have to go now

		

		
				1780

				08.23.05

				Gerry

				Bye!

		

		
				1781

				08.23.06

				bwang8

				ok

		

		
				1782

				08.23.07

				bwang8

				bye

		

		
				1783

				08.23.23

				Gerry

				[leaves the room]

		

		
				1784

				08.23.29

				bwang8

				ok

		

		
				1785

				08.23.32

				bwang8

				so

		

		
				1786

				08.23.37

				bwang8

				i think it is this

		

		
				1787

				08.23.53

				Aznx

				ok

		

		
				1788

				08.23.55

				Aznx

				i found it

		

		
				1789

				08.24.00

				Aznx

				n^2

		

		
				1790

				08.24.01

				bwang8

				(2*n)*n/2

		

		
				1791

				08.24.09

				Aznx

				or (n/2)^2

		

	

	 

	Bwang asks Aznx to state the equation and Aznx expresses difficulty in formulating an adequate and accountable answer. After a half minute of silence with still no formulation from Aznx, the facilitator suggests that Aznx and Bwang might want to wait until a future time when the whole group can work together to finish the problem. The facilitator then says goodbye and leaves the chat room.

	After more than a minute since Aznx posted anything, Bwang starts to preface the presentation of his own formulation. Eventually, Aznx joins back in. Simultaneously, Aznx and Bwang post their formulae. For Aznx, it is either n2 or (n/2)2. For Bwang, it is 2n(n/2).

	Aznx has not given any indication of how he got his proposed formula. The format of Bwang’s formula suggests the use of Gauss’ summation, which the students have used repeatedly in the past. According to this summation of an arithmetic sequence of integers, the result is the sum of the first and last member of the sequence times half the number of members. For a sequence of n members, 1 + 3 + 5 + … + (2n-1), the sum would be [1 + (2n-1)]*(n/2). Adding the 1 and the -1, yields Bwang’s formula, 2n(n/2). Note that the nth odd integer can be represented by (2n-1).

	It is likely that Aznx used a similar method, working on his own during his prolonged silence, but got confused about the result when he simplified his expression. As Aznx shows next, Aznx’s first answer is equivalent to Bwang’s answer, once Aznx simplifies it (in Log 6). His second answer is related to part of Bwang’s unsimplified answer.

	Log 6. Negotiate the Solution

	
		
				1792

				08.24.14

				Aznx

				I'm simplifying

		

		
				1793

				08.24.30

				Aznx

				if u simplify urs

		

		
				1794

				08.24.35

				Aznx

				its n^2

		

		
				1795

				08.24.59

				Aznx

				bwang

		

		
				1796

				08.25.01

				Aznx

				you there?

		

		
				1797

				08.25.03

				bwang8

				so that's wrong

		

		
				1798

				08.25.07

				bwang8

				yeah

		

		
				1799

				08.25.08

				bwang8

				i am here

		

	

	 

	Aznx simplifies Bwang’s formula: 2n(n/2) = n2. This is the same as one of Aznx’ proposed formulae. When Bwang does not respond to this posting, Aznx wonders if Bwang is still present online. 

	Bwang was apparently already typing “so that is wrong” when be received Aznx’ question concerning his presence. This message in effect confirmed that Aznx’ second formula, (n/2)2, is wrong and his first one, which agrees with Bwang’s, is correct.

	Going along with this, Aznx then multiplies their agreed upon formula by 4 because there were 4 sets of horizontal or vertical sticks, each numbering 1 + 3 + …. In lines 1800-1802 (Log 7), Aznx poses his message as a question, soliciting confirmation from Bwang. By offering this next step in the symbolic representation, Aznx demonstrates that he understands where Bwang’s formula came from, and he understands the larger strategy of approaching the problem that Bwang had proposed. In other words, Aznx demonstrates a level of mathematical competence and of shared understanding that he did not always display in the previous sessions.

	Log 7. Check Cases

	
		
				1800

				08.25.11

				Aznx

				so

		

		
				1801

				08.25.13

				Aznx

				the formula

		

		
				1802

				08.25.22

				Aznx

				would be 4n^2?

		

		
				1803

				08.25.28

				bwang8

				let's check

		

		
				1804

				08.25.55

				bwang8

				Yes

		

		
				1805

				08.26.00

				bwang8

				it actually is

		

		
				1806

				08.26.02

				Aznx

				So we got it!

		

	

	 

	Before being ready to answer whether 4n2 is actually the correct formula for the number of sticks, Bwang suggests that they first check if the formula works by testing it for a number of values of n and counting the sticks in drawings of diamonds at the corresponding nth stage. A half-minute later, Bwang concludes that the formula does check out. He therefore answers Aznx’ question with a confident “Yes”, perhaps expressed with a touch of surprise. 

	Aznx concludes that they got the solution for the number of sticks in the diamond pattern—a problem that Team C had posed for itself, but for which they had derived the wrong formula, without, however, realizing it. Team B had been shocked earlier to discover that the formula they had been struggling to understand from Team C had been wrong; that it did not check out for any values of n.

	Their surprise and excitement at correctly solving this elusive problem is almost uncontrollable. In Log 8, they use every chat technique they know to express their joy. Their postings intertwine like a frenzied dance.

	Log 8. Confirm the Solution

	
		
				1807

				08.26.02

				bwang8

				omg

		

		
				1808

				08.26.04

				Aznx

				yay!

		

		
				1809

				08.26.08

				bwang8

				i think we got it!!!!!!!!!!!!

		

		
				1810

				08.26.12

				Aznx

				WE DID IT!!!!!!

		

		
				1811

				08.26.12

				bwang8

				and it is so simple

		

		
				1812

				08.26.14

				Aznx

				YAY!!!!

		

		
				1813

				08.26.16

				Aznx

				i know

		

		
				1814

				08.26.17

				bwang8

				lol

		

		
				1815

				08.26.18

				Aznx

				lol

		

	

	 

	Once the mathematical exploration is done, it is time to write up a report of one’s findings. They plan their report in Log 9.

	Log 9. Present a Formal Solution

	
		
				1816

				08.26.34

				Aznx

				So you're putting it in the wiki, right?

		

		
				1817

				08.26.37

				bwang8

				yes

		

		
				1818

				08.26.41

				Aznx

				Alright then.

		

		
				1819

				08.26.43

				bwang8

				ok

		

		
				1820

				08.26.53

				Aznx

				Give an email to Gery, telling him that we got it. =)

		

		
				1821

				08.26.57

				bwang8

				ok

		

		
				1822

				08.26.59

				Aznx

				I meant Gerry

		

		
				1823

				08.27.04

				bwang8

				are you going to do it

		

		
				1824

				08.27.07

				bwang8

				or am i

		

		
				1825

				08.27.12

				Aznx

				You do it.

		

		
				1826

				08.27.14

				bwang8

				ok

		

		
				1827

				08.27.19

				Aznx

				Tell him that we both dervied n^2

		

		
				1828

				08.27.29

				Aznx

				And then we saw that pattern

		

		
				1829

				08.27.37

				Aznx

				and we got the formula

		

	

	 

	Professional mathematicians would do this in the form of a proof. When a group of mathematicians recently conducted an online collaborative analysis of a mathematical problem, it took them longer to write the publishable proof than it did to figure out the approach and solve it (Gowers & Nielsen, 2010; Polymath, 2010). 

	Sometime after the chat session, Bwang posted the narrative shown in Figure 3 to the Spring Fest wiki.

	We then move on to understand Team C's formula for summing up the total # of sticks in n-level diamond. We first tried to used the big square and then minus the extra corners, but the corners turns out to be to hard to calculate. Then we tried to simplify Team C's equation to help as find a lead, but we found out that their stick equation is wrong. We then decide to find out a whole new equation and tried to divide the sticks up into vertical and horizontal groups like we did before with all the other problems. The groups can be further divided into 2 equal parts. We found a pattern. 
1st level: 1
2nd level: 1+3
3rd level: 1+3+5
4th level: 1+3+5+7
5th level: 1+3+5+7+9
nth level: (2*n)*n/2 
We then found out that each of these can be by calculated by (2*n)*n/2 which simplified into n^2. n^2 can then be multiplied by 4 and get the total of sticks in a nth leveled diamond. The final equation is 4(n^2).


	Figure 3. Wiki posting by Group B after session 4.

	Finally, Aznx and Bwang wrap up the conversational topic by exchanging email addresses and agreeing to meet again online with Quicksilver and pursue further mathematical adventures together (Log 10).

	Log 10. Close the Topic

	
		
				1830

				08.27.44

				Aznx

				when should we meet again?

		

		
				1831

				08.27.49

				Aznx

				hat's your email?

		

		
				1832

				08.27.52

				Aznx

				we should keep in touch

		

		
				1833

				08.27.57

				bwang8

				yeah

		

	

	The Sequence of Pairs

	Within each of the preceding log excerpts, we have identified a base adjacency pair by means of which the work of a specific move in the problem-solving effort of the small group is interactively accomplished. In most cases, a question is posed, and a response is then given to it.

	As Schegloff (2007) argues, an adjacency pair is itself a sequence. It embodies a temporal structure, with the first element of the pair projecting the opportunity and expectation of a response in the interactional immediate future. The second element constitutes an uptake of a first element that it implicitly references as in the interactional immediate past (Suthers, Dwyer, Medina & Vatrapu, 2010). In engaging in the exchange of an adjacency pair, the participants in the interaction effectively co-construct an elementary temporal structure in which future and past are constituted.

	In talk-in-interaction, as analyzed by conversation analysis, the immediacy of response is intimately related to the turn-taking structure of vocal conversation (Sacks et al., 1974). As mentioned above, the completion of the adjacency pair is often postponed by insertion sequences, such as repairs of misunderstandings or clarification exchanges. The base adjacency pair can also be preceded by introductory exchanges, such as announcements of what is coming, or succeeded by follow-up exchanges or confirmations.

	In chat-in-interaction, as seen in the preceding log extracts, adjacency pairs can be delayed by a more complicated response structure, in which multiple participants can be typing simultaneously and postings do not always directly follow the message to which they are responding. Thus, in Log 1, Quicksilver or Gerry can be initiating other topics in the midst of an interaction between Aznx and Bwang. Also, Aznx and Bwang can be typing to each other simultaneously as in Log 6, particularly if there has been an extended period of inactivity. This often makes textual chat harder to follow and to analyze than verbal conversation.

	Nevertheless, it is generally possible to identify base adjacency pairs carrying the discourse along. In the previous section, we identified ten pairs. The discourse moves in the log excerpts (each including one of these base adjacency pairs) formed a problem-solving sequence:

	
		Log 1. Open the topic

		Log 2. Decide to start

		Log 3. Pick an approach

		Log 4. Identify the pattern

		Log 5. Seek the equation

		Log 6. Negotiate the solution

		Log 7. Check cases

		Log 8. Confirm the solution

		Log 9. Present a formal solution

		Log 10. Close the topic



	The integrity of each of the ten moves is constructed by the discourse of the participants. Each move contains its single base adjacency pair, which drives the interaction. In addition, there may be several utterances of secondary structural importance, which introduce, interrupt or extend the base pair; there may also be some peripheral utterances by other participants. 

	The analysis of this essay is an attempt to make explicit the structure of adjacency pairs and a problem-solving longer sequence that is experienced by the participants and is implicit in the formulation of their contributions to the discourse. This is in contrast to analytic approaches that to some degree impose a set of coding categories based on the analyst’s research interests or on an a priori theoretical framework, rather than on the perspective of the participants as evidenced in their discourse.

	Lines 1795 and 1796, for instance, show the power for the participants of the adjacency pairings. Here, Aznx has addressed a mathematical proposal to Bwang: “If you simplify yours [expression], it is n2.” After 24 seconds of inaction, Aznx cannot understand why Bwang has not replied, expressing agreement or disagreement with the first part of the proposal, for which Aznx expects a response. Because it is not a preferred move at this point for Aznx to reprimand Bwang for not responding, Aznx inquires if Bwang has disappeared, perhaps due to a technical software problem, which would not be anyone’s fault. Two seconds later, we see that Bwang was typing a more involved response that implicitly accepted Aznx’ proposal. Bwang then immediately explicitly accepts the proposal in line 1798, allowing Aznx to continue with the start of a new move with line 1802. Here we see Aznx and Bwang clearly orienting to the adjacency-pair structure of their discourse, in terms of their expectations and responses.

	Aznx and Bwang co-constructed the longer (ten move) problem-solving sequence by engaging in the successive exchange of adjacency pairs. Sometimes one of the students would initiate the pair, sometimes the other. As soon as they completed one pair, they would start the next. This longer sequence also has a temporal structure. It is grounded in their present situation, trying to find a formula for the number of sticks in the diamond figure. It makes considerable use of resources from their shared (co-experienced) past during the previous four hours of online sessions. It is strongly driven forward into the future by the practices they have learned for engaging in problem solving, culminating teleologically in the presentation of a solution.

	The problem-solving sequence analyzed in this essay—covering 100 lines of chat during 10 minutes—is not selected arbitrarily or imposed in accordance with criteria external to the interaction but is grounded in the discourse as structured by the participants. The excerpted sequence is defined as a coherent conversational topic by the discourse of Aznx and Bwang. They explicitly open (jointly decide upon) this topic with their interaction in Log 1 and they close it (wrap it up and move on) with the discourse move in Log 10 (Schegloff & Sacks, 1973).

	This case study provides an unusually clear and simple example of group cognition in a virtual math team. In earlier sessions, the students encountered many difficulties, although they also achieved a variety of successes and learned much about both collaboration and mathematics. At the beginning of their first session, they did not know how to behave together and showed rather poor collaboration skills. Bwang said very little in English, often simply producing drawings or mathematical expressions. Aznx, at the other extreme, tried hard to engage the others, but seemed to display a weak mathematical understanding of what the others were discussing. At various points in the sessions, misunderstandings caused major detours and breakdowns in the group work. Moreover, from an analyst’s perspective the interaction was often almost impossible to parse or interpret (Stahl, 2009b). By contrast, in the final segment that is here reviewed, the interaction is focused on two participants; they work well together; they seem to follow each other well; and their work goes quite smoothly. The structure of the interaction is also relatively easy to follow.

	It seems that Aznx and Bwang have substantially increased their skills in online collaborative mathematics. The level of their excitement—especially in the excerpt of Log 8—shows they are highly motivated. Log 10 indicates that they would like to continue this kind of experience in the future.

	Collaborative Mathematical Meaning Making

	Shared meaning is co-constructed as the discourse moves (the log excerpts based around adjacency pairs) build on each other to form the longer sequence of the discourse topic. This is a key level of analysis for understanding the workings of group cognition. Because these discourse moves are founded upon adjacency pairs, they essentially involve more than one participant, and therefore lend themselves to being vehicles for cognitive phenomena at the group unit of analysis. Through their sequential positioning and subtle forms of mutual referencing, they contribute to problem solving and other cognitive accomplishments. As an example, we can see how Team B solved its mathematical problem across Logs 5, 6 and 7.

	In Log 5, we see that collaborative problem solving of a math topic—like most group meaning making—is an intricate intertwining of individual interpretation and shared meaning (Stahl, 2009b). Bwang (line 1771) states the goal for the dyad of finding an equation to describe the pattern of twos. Aznx immediately announces that he knows the equation (1773) and wants to provide it (1772), to which Bwang acquiesces (1774). However, Aznx has trouble coming up with an equation: remembering it, explaining it, thinking of it or finding it. After a while, Bwang gradually announces that he will provide the equation (1784-1786). Then they both propose equations. Throughout the online session, mathematical proposals originate from the understanding of individual students. In this excerpt, they negotiate about who is to make the proposal, and end up both doing so.

	Then it is necessary in Log 6 to decide whose proposal will be adopted by the group as a basis for future work. Interestingly, Aznx reconciles their proposals by algebraically transforming Bwang’s equation to be the same as one of Aznx’ own (1792-1794). This circumvents the possibility that Bwang will reject Aznx’ proposal, which he in fact does (1797). It also establishes a group solution whose meaning (derivation, use, form) is likely to be mutually understood since the solution was proposed by both.

	Finally, in Log 7, Aznx takes a further mathematical step, multiplying the n2 by 4 to account for the 4 symmetrical sets of sticks. However, he presents this final formula in question format (1800-1802), soliciting Bwang’s agreement in order to establish the formula within their joint problem space. Bwang implicitly accepts Aznx’s step and reinterprets the question as requiring a next step of checking the formula for values of n. Bwang presumably checks several values and concludes that the formula works (1804-1805). Aznx summarizes, “So we got it!” Note his use of the pronoun, “we,” attributing the solving to the group.

	The formula, 4n2, is a particularly meaningful expression in this chat, the triumphal culmination of four hours of mathematical exploration. It is a highly meaningful expression for the group, summarizing their analysis of the diamond pattern of sticks at every level of n. The students understand its meaning as a consequence of their participation in the group processes of drawing and discussing together a rich set of related mathematical phenomena. The shared meaning of the math expression is publicly available in the discourse and through its traces in the log; it was co-constructed through the contributions of individuals and is interpreted by those individuals—and later by analysts.

	The Structure of Group Cognition

	The analysis of the case study in this essay provides a first analysis of the long-sequence-of-moves structure of collaborative mathematical problem solving in a virtual math team. This is a paradigmatic example of group cognition. The small group—here reduced to a dyad—solves a math problem whose solution had until then eluded them (and had escaped Team C as well).

	The students accomplish the problem solving by successively completing a sequence of ten moves. Each of the moves seems almost trivial, but each takes place through an interaction that involves both students in its achievement. The moves are commonplace, taken-for-granted practices of mathematical problem solving. They are familiar from individual and classroom problem solving in algebra classrooms. They have also been encountered repeatedly by Team B in their previous four hours of collaborative problem solving (Medina et al., 2009).

	Reviewing the sequence of the group’s ten moves presented in this essay, we can follow the mathematical solution process. After opening the topic of the sticks problem (Log 1) and deciding to work on it together (Log 2), the team picked an approach of looking at the number of sticks as being countable with the series (1+3+5+7+…)*4 (Log 3). This series is generated by counting the sticks in a visual representation of the diamond pattern at different values of n (Figure 2). This uses the approach from previous sessions of separating the horizontal and vertical sticks (Figure 1) and then dividing each of those groups into two symmetrical groups (Figure 3). The group then articulates a verbal description of this visual series as being “a pattern of +2s” (Log 4). Both students try to symbolize the pattern of the verbal description as an equation (Log 5) and they come to agreement on the formula as n2 (Log 6), presumably based on the formula for summing integer series, familiar to them from previous sessions. They then check that their equation works for a number of stages of the diamond pattern (Bwang does this off-line during Log 7). Having solved the mathematical challenge as a group they celebrate the group achievement: “WE DID IT!!!!!!” (Log 8), decide to present their solution publicly (Log 9) and close the discourse topic (Log 10). 

	It is this sequence of moves that accomplishes the problem solving. The sequence has an inner logic, with each move requiring the previous moves to have already been successfully completed (taking it up), and each move preparing the way for (anticipating, projecting) the following ones. Of course, in working on a problem, problem solvers—even professionals (Gowers & Nielsen, 2010; Polymath, 2010)—often make mistakes and explore deadends. Team B’s wiki posting (Figure 4) documents that some of this had happened prior to the excerpt analyzed in this essay. Part of what contributes to the unusual clarity of our example is the simplicity of the sequence followed in the final segment.

	The common assumption about mathematical problem solving is that information in the form of math facts and manipulations is what is most important. In our analysis of problem solving in a group context, math content and other information is simply, unproblematically included in individual postings. In fact, more often than not, it is implicitly used and understood “between the lines” of the text chat. Of course, this is only possible because the group had already co-constructed a joint problem space (Medina et al., 2009; Sarmiento & Stahl, 2008; Teasley & Roschelle, 1993) that included this math content as already meaningful for the group. 

	Rather, the important aspects of discourse engaged in collaborative math problem solving are matters of coordination, communication, explanation, decision making and perspective shifting (e.g., moving between visual, verbal and symbolic modes (Çakir, Zemel, et al., 2009) [Investigation 12]). To some extent, these are interactional moves required by most group activities; to some extent, these are adapted to the nature of mathematical discourse.

	In conclusion, the group-cognitive achievement of the solution to the group’s final problem was accomplished by a sequence of moves. Each move was mundane when considered by itself. The moves and their sequencing were common practices of mathematical problem solving. The group had adopted—implicitly or explicitly—the math practices as group practices [Investigation 16]. Each move was interactively achieved through the exchange of base adjacency pairs situated in the ongoing discourse. The problem solving was an act of group cognition structured as a sequence of these interactive moves.

	While we cannot generalize from the analysis in this essay, it seems that this case study can serve as a perhaps unusually clear and simple model of the structure of group cognition in mathematical problem solving by a virtual math team. It shows the group cognition taking place through the co-construction of a temporal sequence of problem-solving moves. Each move is conducted on the basis of an interactional adjacency pair of chat utterances. While the fine structure adheres to the adjacency-pair system of interactional exchange, the larger problem-solving structure builds on these elements through a sequence defined by the topical moves of mathematical deduction.

	More generally, this suggests a multi-layered hierarchical structure to discourse in virtual math teams, which we explored in Investigation 24. Each layer is oriented to by the participant activities:

	
		Group event: E.g., Team B’s participation in the VMT Spring Fest 2006. The team meets together and gradually starts to act as a collaborative group.

		Temporal session: Session 4 of Team B on the afternoon of May 18, 2006. The participants agree when to break up a session, when to meet next, and then show up at the same time.

		Conversational topic: Determining the number of sticks in a diamond pattern (lines 1734 to 1833 of Session 4). We saw how Bwang and Aznx open the topic and later close it.

		Discourse move: A stage in the sequence of moves to accomplish discussing the conversational topic (e.g., lines 1767 to 1770). The team steps through the sequence of moves.

		Adjacency pair: The base interaction involving two or three utterances, which drives a discourse move (lines 1767 and 1769). Each initial utterance elicits a response.

		Textual utterance: A text chat posting by an individual participant, which may contribute to an adjacency pair (line 1767). The group members format their separate postings.

		Indexical reference: An element of a textual utterance that points to a relevant resource. In VMT, actions and objects in the shared whiteboard are often referenced. Mathematical content and other resources from the joint problem space and from shared past experience are also brought into the discourse by explicit or implicit reference in an utterance.



	The preceding analysis illustrates the applicability of the notion of a long sequence as suggested by both Sacks (1965/1995) and Schegloff (2007). The sequence consists of a coherent series of shorter sequences built on adjacency pairs. This multi-layered sequential structure is adapted from CA to the essentially different, but analogous, context of groupware-supported communication and group cognition. Having seen that this kind of sequential structure exists in the relatively simple case we analyzed, we can now look for longer sequences in the traces of other acts of groupware-mediated group cognition.

	Addendum: Coding Scheme for Sequential Discourse

	We have developed a coding scheme for the multi-layered hierarchical structure we have found in discourse in virtual math teams. The coding scheme was developed based on the analysis of adjacency pairs according to Schegloff (2007). It was applied to the entire log of Session 4 of Team B, conducted during VMT SpringFest 2006. 

	The basic idea is that discourse is built up hierarchically: from (g) various indexical references (e.g., “that”) in (f) textual utterances (e.g., chat postings) contributing to (e) adjacency pairs (e.g., question/answer). Sequences of adjacency pairs (including extensions and recursive embeddings) form (d) discourse moves. The moves contribute to (c) conversational topics (that are opened and closed). Topics are included in larger (b) group events, which make up (a) the entire session (e.g., Session 4 of Team B).

	In Table 1, examples of (c) through (f) are included under those headings. Schegloff’s symbols are listed for use in coding utterances in adjacency pairs. For each symbol, its meaning is given. The list contains some common FPPs (first pair parts) of adjacency pairs, with their corresponding SPPs (second pair parts).

	Table 1. Coding Scheme.

	
		
				(c)  Conversa-tional Topic

				(d) Discourse Move

				(e) Adjacency Pair

				(f) Textual Utterance

				(g) Indexical Reference

				 

				(b) Group Event

				(a) Temporal Session

		

		
				transition

				anticipate

				announcement

				announce; acknowledge; follow up

				 

				 

				 

				 

		

		
				opening

				close

				compliment

				compliment; acknowledge

				Schegloff symbols

				meaning of symbol

				FPP

				SPP

		

		
				technical

				open

				explanation

				explain; acknowledge; follow up

				F, Fbase

				first pair part (base FPP)

				question / ask

				answer

		

		
				feedback

				return to

				greeting

				greet; return greeting; farewell; return farewell

				S, Sbase

				second pair part (base SPP)

				request

				grant

		

		
				select

				introduce new approach

				joke

				joke; laugh; respond to joke; return laughter

				Fpre

				pre-sequence FPP

				offer *

				reject

		

		
				review

				terminate use of approach

				proposal

				propose; acknowledge; ratify; reject; follow up

				Spre

				pre-sequence SPP

				invite *

				accept

		

		
				wiki

				 

				question

				question; answer; agree; disagree; follow up

				Fins

				insert sequence FPP

				announce

				decline

		

		
				equation

				 

				request

				request; acknowledge; accept; reject; follow up

				Sins

				insert sequence SPP

				greet

				agree

		

		
				indexing

				 

				suggestion

				suggest; acknowledge; ratify; reject; follow up

				SCT

				sequence closing third

				farewell

				disagree

		

		
				compare

				 

				directive

				direct; acknowledge; receive; reject; follow up; report

				Fpost

				post sequence FPP

				notice *

				acknowledge

		

		
				strategy

				 

				evaluation

				evaluate; acknowledge; agree; disagree

				Spost

				post sequence SPP

				promise *

				contest

		

		
				wrong

				 

				commentary

				comment; acknowledge; agree; disagree

				+S

				preferred SPP

				tell *

				tease

		

		
				celebrate

				 

				clarification

				clarify; acknowledge

				PCM

				post completion musing

				complain *

				finess

		

		
				facilitator

				 

				repair

				self-correct; question; clarify; acknowledge

				 

				 

				propose

				comply

		

		
				follow-up

				 

				failed X     escalated X

				 

				ni

				non-interactive or system message

				suggest

				perform

		

		
				closing

				 

				+ (continuation)

				+ (continue)

				+

				continuation

				request

				ratify

		

		
				Construc-tion

				 

				 

				 

				 

				 

				direct

				follow up

		

		
				narrative

				 

				 

				 

				 

				 

				joke

				receive

		

		
				reflection

				 

				 

				 

				 

				 

				laugh

				report

		

		
				 

				 

				 

				 

				 

				 

				Compli-ment

				assess

		

		
				 

				 

				 

				 

				 

				 

				explain

				return

		

		
				 

				 

				 

				 

				 

				 

				clarify

				clarify

		

		
				 

				 

				 

				 

				 

				 

				repair

				 

		

		
				 

				 

				 

				 

				 

				 

				evaluate

				 

		

		
				 

				 

				 

				 

				 

				 

				comment

				 

		

	

	 

	In Table 2, the excerpt (lines 1734-1829), which was analyzed in this Investigation, is coded in accordance with the coding scheme. The coding process involved considerable back-and-forth influence between the coding of the threading, the code, the utterance category, the adjacency pair and the discourse move. 

	Table 2. Coding of an excerpt from SpringFest 2013.

	
		
				Line #

				Time Posting

				Bwang8

				Aznx

				Quicksilver

				Gerry

				Threading

				Code

				Utterance Category

				Adjacency Pair

				Dis-course Move

				Con-versa-tional Topic

		

		
				1734

				20:17:20

				i think we are very close to solving the problem here 

				 

				 

				 

				1709

				Fb

				proposal

				proposal

				open topic

				sticks

		

		
				1735

				20:17:35

				 

				 

				Oh great...I have to leave 

				 

				--

				Fpre

				announce

				announcement

				open topic

				sticks

		

		
				1736

				20:17:39

				 

				We can solve on that topic. 

				 

				 

				1734

				Sb

				ratify

				 

				open topic

				sticks

		

		
				1737

				20:17:42

				 

				 

				Sorry guys 

				 

				1735

				+

				+

				 

				open topic

				sticks

		

		
				1738

				20:17:45

				oh 

				 

				 

				 

				1735

				Spre

				acknowledge

				 

				open topic

				sticks

		

		
				1739

				20:17:46

				 

				It shouldn't take much time. 

				 

				 

				1736

				+

				+

				 

				open topic

				sticks

		

		
				1740

				20:17:47

				ok 

				 

				 

				 

				1738

				SCT

				acknowledge

				 

				open topic

				sticks

		

		
				1741

				20:17:50

				 

				k, bye aditya 

				 

				 

				1737

				F

				farewell

				farewell

				open topic

				sticks

		

		
				1742

				20:17:52

				 

				 

				Just tell me the name of the room 

				 

				1737

				Fpost

				question

				question

				open topic

				sticks

		

		
				1743

				20:17:52

				bye 

				 

				 

				 

				1737

				F

				farewell

				farewell

				open topic

				sticks

		

		
				1744

				20:18:14

				 

				 

				 

				The new room is in the lobby under Open Rooms 

				1742

				Spost

				answer

				 

				open topic

				sticks

		

		
				1745

				20:18:44

				 

				 

				 

				It is under The Grid World. It has your names on it 

				1744

				+

				+

				 

				open topic

				sticks

		

		
				1746

				20:18:49

				 

				 

				leaves the room 

				 

				 

				ni

				 

				 

				open topic

				sticks

		

		
				1747

				20:19:00

				 

				Alright found it. 

				 

				 

				1745

				SCT

				acknowledge

				 

				open topic

				sticks

		

		
				1748

				20:19:04

				 

				Thanks. 

				 

				 

				1747

				+

				+

				 

				open topic

				sticks

		

		
				1749

				20:19:12

				 

				I guess we should leave then. 

				 

				 

				1748

				F

				question

				question

				decide to start

				sticks

		

		
				1750

				20:19:34

				well do you want to solve the problem 

				 

				 

				 

				1749

				Fb

				question

				question

				decide to start

				sticks

		

		
				1751

				20:19:36

				i mean 

				 

				 

				 

				1750

				+

				+

				 

				decide to start

				sticks

		

		
				1752

				20:19:39

				we are close 

				 

				 

				 

				1751

				+

				+

				 

				decide to start

				sticks

		

		
				1753

				20:19:48

				 

				Alright. 

				 

				 

				1752

				Sb

				agree

				 

				decide to start

				sticks

		

		
				1754

				20:19:51

				i don't want to wait til tomorrow 

				 

				 

				 

				1752

				+

				+

				 

				decide to start

				sticks

		

		
				1755

				20:19:53

				ok 

				 

				 

				 

				1753

				SCT

				agree

				 

				decide to start

				sticks

		

		
				1756

				20:19:55

				 

				How do you want to approach it? 

				 

				 

				1755

				Fb

				question

				question

				pick an approach

				sticks

		

		
				1757

				20:20:14

				1st level have 1*4 

				 

				 

				 

				1756

				Sb

				follow up

				 

				pick an approach

				sticks

		

		
				1758

				20:20:20

				 

				 

				 

				You can put something on the wiki to summarize what you found today 

				1757

				F

				direct

				directive

				pick an approach

				sticks

		

		
				1759

				20:20:29

				2st level have (1+3)*4 

				 

				 

				 

				1757

				+

				+

				proposal

				pick an approach

				sticks

		

		
				1760

				20:20:32

				 

				bwang you put it. 

				 

				 

				1758

				F

				direct

				directive

				pick an approach

				sticks

		

		
				1761

				20:20:35

				 

				for the wiki 

				 

				 

				1760

				+

				+

				 

				pick an approach

				sticks

		

		
				1762

				20:20:37

				ok 

				 

				 

				 

				1761

				S

				agree

				 

				pick an approach

				sticks

		

		
				1763

				20:20:42

				 

				we actually did quite a lot today 

				 

				 

				1761

				F

				proposal

				proposal

				pick an approach

				sticks

		

		
				1764

				20:20:53

				3rd level have (1+3+5)*4 

				 

				 

				 

				1759

				+

				+

				 

				pick an approach

				sticks

		

		
				1765

				20:21:05

				4th level have (1+3+5+7)*4 

				 

				 

				 

				1764

				+

				+

				 

				pick an approach

				sticks

		

		
				1766

				20:21:10

				 

				 

				 

				This is a nice way to solve it 

				1764

				F

				compliment

				compliment

				pick an approach

				sticks

		

		
				1767

				20:21:12

				 

				So it's a pattern of +2s? 

				 

				 

				1765

				Fb

				question

				question

				identify pattern

				sticks

		

		
				1768

				20:21:15

				 

				Ah ha! 

				 

				 

				1767

				+

				+

				 

				identify pattern

				sticks

		

		
				1769

				20:21:15

				yes 

				 

				 

				 

				1767

				Sb

				agree

				 

				identify pattern

				sticks

		

		
				1770

				20:21:20

				 

				There's the pattern! 

				 

				 

				1769

				Fpost

				proposal

				proposal

				identify pattern

				sticks

		

		
				1771

				20:21:39

				now we have to find a equation that describe that pattern 

				 

				 

				 

				1770

				F

				proposal

				proposal

				seek equation

				sticks

		

		
				1772

				20:21:49

				 

				Hold on. 

				 

				 

				1771

				Fpre

				request

				request

				seek equation

				sticks

		

		
				1773

				20:21:51

				 

				I know it. 

				 

				 

				1772

				+

				+

				 

				seek equation

				sticks

		

		
				1774

				20:21:57

				what is it 

				 

				 

				 

				1773

				Fb

				question

				question

				seek equation

				sticks

		

		
				1775

				20:21:58

				 

				But I'm trying to remember it. =P 

				 

				 

				1773

				+

				+

				 

				seek equation

				sticks

		

		
				1776

				20:22:04

				 

				and explain it as well. 

				 

				 

				1775

				+

				+

				 

				seek equation

				sticks

		

		
				1777

				20:22:17

				 

				try and think of it 

				 

				 

				1776

				+

				+

				 

				seek equation

				sticks

		

		
				1778

				20:22:53

				 

				 

				 

				Maybe Quicksilver can come back here tomorrow or next week to finish it with you 

				1777

				F

				proposal

				failed proposal

				seek equation

				sticks

		

		
				1779

				20:23:01

				 

				 

				 

				I have to go now 

				1778

				Fpre

				announce

				announcement

				seek equation

				sticks

		

		
				1780

				20:23:05

				 

				 

				 

				Bye! 

				1779

				F

				farewell

				farewell

				seek equation

				sticks

		

		
				1781

				20:23:06

				ok 

				 

				 

				 

				1780

				Spre

				acknowledge

				 

				seek equation

				sticks

		

		
				1782

				20:23:07

				bye 

				 

				 

				 

				1781

				S

				farewell

				 

				seek equation

				sticks

		

		
				1783

				20:23:23

				 

				 

				 

				leaves the room 

				 

				ni

				 

				 

				seek equation

				sticks

		

		
				1784

				20:23:29

				ok 

				 

				 

				 

				1771

				SCT

				acknowledge

				 

				seek equation

				sticks

		

		
				1785

				20:23:32

				so 

				 

				 

				 

				1784

				+

				+

				 

				seek equation

				sticks

		

		
				1786

				20:23:37

				i think it is this 

				 

				 

				 

				1785

				Fpre

				proposal

				proposal

				seek equation

				sticks

		

		
				1787

				20:23:53

				 

				ok 

				 

				 

				1786

				SCT

				announce

				 

				seek equation

				sticks

		

		
				1788

				20:23:55

				 

				i found it 

				 

				 

				1787

				Fpre

				announce

				announcement

				seek equation

				sticks

		

		
				1789

				20:24:00

				 

				n^2 

				 

				 

				1788

				Sb

				answer

				 

				seek equation

				sticks

		

		
				1790

				20:24:01

				(2*n)*n/2 

				 

				 

				 

				1786

				F

				proposal

				proposal

				seek equation

				sticks

		

		
				1791

				20:24:09

				 

				or (n/2)^2 

				 

				 

				1789

				+

				+

				 

				seek equation

				sticks

		

		
				1792

				20:24:14

				 

				I'm simplifying 

				 

				 

				1791

				Fpre

				explain

				 

				negotiate solution

				sticks

		

		
				1793

				20:24:30

				 

				if u simplify urs 

				 

				 

				1790

				+

				+

				 

				negotiate solution

				sticks

		

		
				1794

				20:24:35

				 

				its n^2 

				 

				 

				1793

				Fb

				proposal

				proposal

				negotiate solution

				sticks

		

		
				1795

				20:24:59

				 

				bwang 

				 

				 

				1794

				F

				question

				question

				negotiate solution

				sticks

		

		
				1796

				20:25:01

				 

				you there? 

				 

				 

				1795

				+

				+

				 

				negotiate solution

				sticks

		

		
				1797

				20:25:03

				so that's wrong 

				 

				 

				 

				1796

				Sb

				reject

				 

				negotiate solution

				sticks

		

		
				1798

				20:25:07

				yeah 

				 

				 

				 

				1796

				S

				answer

				 

				negotiate solution

				sticks

		

		
				1799

				20:25:08

				i am here 

				 

				 

				 

				1798

				+

				+

				 

				negotiate solution

				sticks

		

		
				1800

				20:25:11

				 

				so 

				 

				 

				1799

				Fpre

				announce

				announcement

				check cases

				sticks

		

		
				1801

				20:25:13

				 

				the formula 

				 

				 

				1800

				+

				+

				 

				check cases

				sticks

		

		
				1802

				20:25:22

				 

				would be 4n^2? 

				 

				 

				1801

				Fb

				question

				question

				check cases

				sticks

		

		
				1803

				20:25:28

				let's check 

				 

				 

				 

				1802

				S

				follow up

				 

				check cases

				sticks

		

		
				1804

				20:25:55

				yes 

				 

				 

				 

				1803

				Spre

				agree

				 

				check cases

				sticks

		

		
				1805

				20:26:00

				it actually is 

				 

				 

				 

				1804

				Sb

				answer

				 

				check cases

				sticks

		

		
				1806

				20:26:02

				 

				So we got it! 

				 

				 

				1804

				SCT

				ratify

				 

				check cases

				sticks

		

		
				1807

				20:26:02

				omg 

				 

				 

				 

				 

				F

				laugh

				joke

				celebrate

				sticks

		

		
				1808

				20:26:04

				 

				yay! 

				 

				 

				1807

				S

				laugh

				 

				celebrate

				sticks

		

		
				1809

				20:26:08

				i think we got it!!!!!!!!!!!! 

				 

				 

				 

				1806

				Fb

				announce

				announcement

				celebrate

				sticks

		

		
				1810

				20:26:12

				 

				WE DID IT!!!!!! 

				 

				 

				1809

				Sb

				ratify

				 

				celebrate

				sticks

		

		
				1811

				20:26:12

				and it is so simple 

				 

				 

				 

				1809

				Fpost

				proposal

				proposal

				celebrate

				sticks

		

		
				1812

				20:26:14

				 

				YAY!!!! 

				 

				 

				1812

				S

				laugh

				 

				celebrate

				sticks

		

		
				1813

				20:26:16

				 

				i know 

				 

				 

				1811

				Spost

				agree

				 

				celebrate

				sticks

		

		
				1814

				20:26:17

				lol 

				 

				 

				 

				1813

				S

				laugh

				 

				celebrate

				sticks

		

		
				1815

				20:26:18

				 

				lol 

				 

				 

				1814

				S

				laugh

				 

				celebrate

				sticks

		

		
				1816

				20:26:34

				 

				So you're putting it in the wiki, right? 

				 

				 

				1815

				Fb

				question

				question

				present solution

				sticks

		

		
				1817

				20:26:37

				yes 

				 

				 

				 

				1816

				Sb

				agree

				 

				present solution

				sticks

		

		
				1818

				20:26:41

				 

				Alright then. 

				 

				 

				1817

				SCT

				follow up

				 

				present solution

				sticks

		

		
				1819

				20:26:43

				ok 

				 

				 

				 

				1817

				SCT

				agree

				 

				present solution

				sticks

		

		
				1820

				20:26:53

				 

				Give an email to Gery, telling him that we got it. =) 

				 

				 

				1819

				F

				direct

				directive

				present solution

				sticks

		

		
				1821

				20:26:57

				ok 

				 

				 

				 

				1820

				S

				agree

				 

				present solution

				sticks

		

		
				1822

				20:26:59

				 

				I meant Gerry 

				 

				 

				1820

				S

				repair

				 

				present solution

				sticks

		

		
				1823

				20:27:04

				are you going to do it 

				 

				 

				 

				1820

				F

				question

				question

				present solution

				sticks

		

		
				1824

				20:27:07

				or am i 

				 

				 

				 

				1823

				+

				+

				 

				present solution

				sticks

		

		
				1825

				20:27:12

				 

				You do it. 

				 

				 

				1824

				S

				answer

				 

				present solution

				sticks

		

		
				1826

				20:27:14

				ok 

				 

				 

				 

				1825

				S

				agree

				 

				present solution

				sticks

		

		
				1827

				20:27:19

				 

				Tell him that we both dervied n^2 

				 

				 

				1826

				F

				direct

				directive

				present solution

				sticks

		

		
				1828

				20:27:29

				 

				And then we saw that pattern 

				 

				 

				1827

				+

				+

				 

				present solution

				sticks

		

		
				1829

				20:27:37

				 

				and we got the formula 

				 

				 

				1828

				+

				+

				 

				present solution

				sticks
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	[←3]
	 The notion of intentionality was first developed by Husserl’s teacher, Brentano (1874). Intentionality means that consciousness is always consciousness of something, always directed at something. Consciousness is not a purely mental phenomenon but extends into the “external” world.
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